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PREFACE 


It is now generally agreed that the school course of the 
non-specialist in Mathematics is incomplete unless it includes 
an elementary treatment of Mechanics. 

This book aims at providing in Part I. an inexpensive 
text-book suitable for such boys. The complete work in 
two parts will form an introductory course suitable for 
those reading for the Array and also for Engineering 

students. 

In many cases it is impossible to provide accommodation 
for the class to perform the experiments, but in such cir¬ 
cumstances it is highly desirable that the experiments in 
the text should be carried out by the master before the 
class. The readings can be given by the master, and the 
class should write an account of the experiments and make 
the necessary deductions. 

For the private student the order of the work is recom¬ 
mended, but a practical difficulty arises in class teaching 
owing to the promotion of beginners to join those who 
commenced the subject the previous term. This can be 
met by arranging that one term is given to a course on 
Moments and Machines (Chapters I., II., V.), while the 
next term is devoted to Vectors (Chapters III. and IV.). 
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PREFACE 


Part II. extends the application of the principles dis¬ 
cussed in Part I. As far as possible each part of the 
subject is treated both graphically and analytically, and it 
is hoped that the book will meet the needs of Woolwich 


candidates, engineering students, and those reading for 
scholarships in Mathematics and Mechanical Sciences. It 
includes an elementary treatment of frameworks, bend¬ 
ing moments, and forces in three dimensions, and will 
serve as an introduction to the more advanced treatises 
on Theory of Structures and Strength of Materials. 
Virtual work has been omitted as being more suitably 
dealt with by students familiar with the Calculus. 


The examples are of a practical type, and have been 
selected to illustrate the principles of Statics with¬ 
out involving elaborate trigonometrical and algebraic 
manipulation. Their value is much enhanced by the 
inclusion of questions set at Cambridge University and 
in Army Examinations, by kind permission of the 
Syndics of the University Press and the Controller of 
His Majesty’s Stationery Office. 

Mv warmest thanks are due to my colleagues Dr. W P 

M’ine and Mr. H. Clissold, also to Mr. T. S. Usherwood 

of Christs Hospital, for much valuable assistance and 
advice. 


In to edition will be found, in the form of an Appendix, 
a collection o examples which involve a knowledge of 
trigonometrical manipulation to meet the needs of students 
preparmg for the London B.Sc. Examination. 
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INTRODUCTORY. 


Mechanics is the science which treats of the conditions 

of rest or of motion of bodies. *• u f i : e8 

Statics is the branch of mechanics which treats ot bodies 

in a lu of rest, the forces acting on the body are then 

said to be in equilibrium. 

Dynamics deals with bodies in motion. 

^Experience has made us familiar with the idea of a 

F Ta body is at rest, it can only be made to move by the 
action of a force. We may produce the force. 
by pushing the body, or b X P“ (l c forcc whitJl we 

the body is resting on a rough n tion . ; n this case 

exert may be insufficient to pro 1 . ’ ie body 

there is another force, called friction, acting on the be• y 

in the opposite direction to which we a re pus , jj 

of the earth, and is called the wc girt oHhe My * 
the support was removed, the body 

by the upward pressure of the ta e. , cau6 ed 

If a body is in motion, it can onb’ be " 

to deviate from motion in a straight lin , > * 

A 

F.8. 
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a 

a force. A stone thrown along the surface of a sheet of 
ice will eventually be brought to rest by friction and the 
resistance of the air. 

It is important to notice that, although the weight of a body is 
constant at a given place, it is not always the same at different 
places. Its weight is due to the pull on it produced by the attraction 
of the particles of the earth. This force acts very nearly towards 
the centre of the earth. The weight of a body is slightly less at 
the Equator than at the poles, owing to the fact that the earth 
is not a perfect sphere. Isaac Newton (1642-1727) shewed that this 
attractive force is a property of all matter. A body weighed by a 
spring balance on the moon would only produce about one-fifth of 
the extension of the spring which it would produce on the earth’s 
surface, since the attraction between the body and the moon is 
much less than the attraction between the lody and the earth. 

It will be noticed that the word * weight ’ is used in two different 
senses. It is the name given to the metal bodies which we put into 
a scale pan for the purpose of 4 weighing,’ and it also denotes the 
force with which bodies are attracted to the earth. 

The Dynamometer. 

This instrument, which is merely a spiral spring, affords 
a convenient means of measuring forces. 

Two forces may be said to be equal, if each of them, 
when applied in turn to a spiral spring, causes the same 
amount of extension. (We assume that when the first 
force is removed the spring returns to its original condition.) 

This force may be produced by the weight of a body 
attached to the spring. 

If two bodies, each of which causes the same extension 
of the spring, are together hung from the spring, we find 
that the extension is doubled, and we can show in a similar 

way that the extension of the spring is proportional to 
the force which is stretching it. 
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A graduated spiral spring is called a Dynamometer or 

* Kwe'^Hhe'end of the spiral spring until it is stretched 

to the graduation marked 300 grams, we can measure 

pull we are exerting as be.ng cqua, to the ^ 

weight of 300 grams. , mi 

When studying Dynamics, the student wi 

find a more scientific method of m-ursunng 

forces, but the method given above will suffice 

f ° If a weight W is attached to the 
by a piece of string, we naturally say tha t the 
weight is producing the extens.on of the spnng 
but it is important to notice that the force 

acting directly on the dynamo- 
meter is produced by the string 
which is fastened to it. The 
force produced by a stretched 
string is called a Tension (T), and 
it is this force T which is acting ^ 

on the dynamometer. ^ 

If we consider the equilibrium 
of the weight, we note that it is acted upon 
by two forces, its weight (W) downwards 

i ~ 

J " SL£St 

• a convenient dynamometer HarrS Birmingham. 

"Rintoul Dynamometer” supplied by 
TheSdteraprtng ba.aace ia uacful tor larger force 
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dynamometer is really T +w (where w is the weight of 
the string). 

Now, let us consider the equilibrium of a small portion 
AB of the string. 

It will be acted upon by the tension in the lower 
part of the string below B, downwards, and by the 
tension in the upper part above A, upwards. If we 
neglect the weight of the portion of string AB, it 
follows that these two tensions are equal and that 
the tension throughout the string is the same. 

Tie a knot A in the middle of a piece of string. 
Fasten one end B of the string to a staple in the 
wall, and the other end to a dynamometer. Pull 
the string horizontally until the dynamometer 
Fl °* 3 * registers 300 grams. 

What is the pull on the staple ? In which direction ? 
What is the pull on the dynamometer ? In which 
direction ? 
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Why is the knot at A in equilibrium ? State the forces 
acting on it, and give their direction. 

It will be necessary, when using a dynamometer which 
is at all sensitive, to make adjustments for the angle at 
which it is inclined to the vertical. If the zero reading is 
correct when the dynamometer is vertical, the pointer will 
nob read zero if the instrument is inclined at an angle to 
the vertical, and it must be readjusted. 
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Adjust the dynamometer to read correctly "ben inclined 
at 45° to the vertical, and then fasten to 1 a cor 
passes over a pulley and 
supports a weight W. 

It will be found that the 
pull registered by the dyna¬ 
mometer is approximately 
equal to W, and becomes 
more nearly equal to W the 
more we reduce the friction 

of the pulley. 

If we take two readings, one 
when W is slowly raised, and 

one when W is slowly lowered, there 

the average of the two readings wdl g.ve the P« . 

.ere no friction ; this Konless, wU. 

It appears, therefore, that the pul > it but 

not alter the tension of a string " ,c P 

merely changes its direction. applied to 

By this method we can is ad^sted 

the dynamometer readings, 1 u pside 

to read correctly when vertical and ^ 

down, so that the two portions . h figure 

If a string is placed over two pullc } s, as in 6 



no. 5. 



and a weight W is fastened to 
tension in the string ? 


each en 



v/h'it will be the 
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Insert a light spring AB between the pulleys, and measure 
its length when stretched. Then hang it up at one end A 
and find what weight is required to stretch it to the same 
extent. 


Forces in Equilibrium. 

One of the forces acting on a body is its weight. In order 
that the body may be in equilibrium, it must be acted 
upon by at least one other force. 

Fasten two strings to two points in a stiff piece of card¬ 
board, and attach the strings to two dynamometers. 



Place the cardboard on a table and pull the dynamometers, 
keeping them flat on the table. It will be found that the 
cardboard will only be in equilibrium when the two strings 
are in the same straight line, pulling in opposite directions, 
and the dynamometer readings are equal. 

When these conditions are satisfied, these two forces do 
not disturb the equilibrium of the cardboard. It will be 
noticed that in this case the cardboard is also acted upon 
by its weight and by the pressure of the table, and is in 
equilibrium under the action of these forces before the 
introduction of the two additional forces. 

COnc,ude tliat two force3 acting on a body are in 
equilibrium when they are equal and opposite, and act in 
the same straight line. This result was assumed on p. 4, 
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when discussing the equilibrium of a weight supported by 
a string. 


Centre of Gravity. 

Balance a rectangular piece of cardboard on the point 
of a pencil. Each particle of the cardboard is attracted 
towards the centre of the earth, which is so far distant that 



the forces may be considered parallel. All these forces 
are balanced by one upward vertical force, so that we can 
consider them to be equivalent to one force equal to the 

weight of the whole card¬ 
board, acting vertically down¬ 
wards at its middle point. 

If we hang the cardboard 
up at one of its angular points, 
we shall find that the card¬ 
board will hang with a diagonal 
vertical; mark this vertical 
line on the cardboard. 

If we hang it from any 
point whatever, we shall find 
that the vertical line through 
this point always passes 
through the mid point of the 
rectangle. 

The point in a body through 
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which the line of action of the weight always passes, 
whatever the position of the body, is called the Centre 
of Gravity of the body. 

If we try the same experiment with a cubical block of 
wood, we shall find that this point is situated inside the 
wood where the diagonals of the cube intersect. 


Bigidity. 

If we fasten two equal weights to the extremities of a 
light thin rod, we shall be able to support the rod by an 



Fig. 10. 


upward force at the mid point C, but there will be a ten¬ 
dency for the rod to break at C. If, however, we placed 
both weights at C there would be no such tendency. 

It is clear, therefore, that if the distortion of the rod is 
to be considered, the combined effect of the weights at A 
and B is not the same as one single force acting at C. 

A body which is not distorted when a force is applied to 
it is called a Rigid body. 

Bodies made of steel or iron are not perfectly rigid, 
although it is difficult to detect any distortion if the forces 
acting on such bodies are not very great. 

We shall assume that the bodies with which we have to 
deal are for all practical purposes rigid bodies, and that 
instead of considering the effect of the weight of each 
particle of the body separately, we may consider only their 
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0 


combined effect, equal to the weight of the whoie body, 
acting at the centre of gravity of the body. 


Pressure. 

If we place a rectangular block of wood (ABCD, a'b'C'd') 
on a smooth horizontal table, it will be supported by the 
upward pressure of the table on the lower face A'B'C'D' ol 

the block. 
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This pressure will act on each portion of the face of the 
block equally, and the total upward force will equal the 

weight jf the block. . .- 

The block could, however, be kept in equilibrium if we 

had a single upward force acting at the mi poin o 1 

lower face, equal in magnitude to the weight of the hlock^ 

This single force can therefore represent the combined 

effect of the several upward pressures, and it is called the 

Resultant Pressure. . . .. 

If a gradually increasing upward force is applied at the 
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mid point of AD, the pressure of the table upwards on the 
lower face of the block will gradually diminish on the part 



of the face towards A'd', until, when that part leaves the 
table, the upward pressure will be entirely along the edge 
B'c', and it could be represented by a single force at the 
mid point of B'C'. 


chapter I. 


moment of a force. 

The use of various mechanical instruments, such as the 
Lever the Pulley, and the Inclined Plane, was known to 
the Egyptians, but we have no record of any scent.fic m- 
vestigations as to the principle of these machines before 

the writings of Archimedes (287-212 B.c.). 

Archimedes was born in Syracuse and studied atA]e**n- 
dria In his treatise he discusses the principle of the lever 
fn the form of propositions similar to the geometrical proofs 

° f Hr^sumes as self-evident the statement that equal 
weights, acting - 2% 

one acting at the greater distance wil sinkf ^ 

Kav a: 
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weights and their distances from the fulcrum, if they are 
to balance. His proof, although extremely ingenious, is 
very long and cumbrous, but no improvement was made 
upon it for 2000 years, when Stevinus of Bruges (1548- 
1620) gave a shorter proof on similar lines. 

We shall find this relation by the following experiment. 

Experiment 1. Balance a metre measure on a knife edge 
(a file), adjust two equal weights (10 grams), one on either 
side of the knife edge, until they balance. 



Fig. 13. 


(If the weight is circular, and one edge is at a distance 
x from the end of the scale, the other edge being at a 
distance y from the same eud, prove that the centre of the 


weight is at a distance 

Double one of the weights and adjust the other, until 
the beam again balances. Measure the distance of the 
centre of each weight from the knife edge (called the ful¬ 
crum), and state the ratio between them. 

We know that, if the weights were placed at the fulcrum, 

they would have no turning effect on the beam, and the 

expenence of closmg a door has taught us that the turning 

effect of the force we exert, depends on the distance from 
the hinge that the force is exerted 

m i f n w rr idc ; that the turmn e p°™ «f. weight, , t . 

h 1 from the fulcrum, is doubled if the weight 

Dower of t'l Sec , fr0m ° ur cx Pcriment that the turning 
power Of the weight can also be doubled by doubling it! 
distance from the fulcrum. g 
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Experiment 2. Balance a metre measure at its centre of 
gravity. Place 20 grams, with its centre at a drt.DC.of 
10 cm from the fulcrum, and find at what d.stance from 
the fulcrum, on the other side, a weight of 5 grams must b 

50 grams successively, in place of the 

5 InTch case multiply the weight by the distance of its 
centre from the fulcrum, and compare the resu to. 

»w—»— 

the fulcrum, and we see that two % jcigi 
provided their moments about the fulcrum 

Many examples of this kind of lever wall be familiar . 

see-saw, a crowbar, each arm of a pair of pincers. 


Equilibrant and Resultant. , 

Experiment 3. Tie a string through aho«i at O th 
middle of the top edge of a metre measure, and fasten 
to a dynamometer. Read the dynamometer. 



100 


HO. 14. 
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Hang 100 grams about 30 cms. from O, and on the other 
side of O adjust 5, 10, 20, 50 gram weights at various points, 
until the measure balances. 

Again read the dynamometer, and compare the reading 
(P) with the forces acting downwards on the measure. 

The single force P, exerted by the dynamometer, which 
neutralises the combined pull of the other forces, is called 
the Equilibrant of these forces. 

If we substitute a single force for all the forces acting 
downwards, so that the downward pull on the dynamo¬ 
meter is unaltered, this single force is called the Resultant 
of the forces acting downwards. 



FlO. 15. 


It is clear that this Resultant would be equal in magni¬ 
tude to the Equilibrant. and would act in the same straight 
line, but in the opposito direction. 

(If the metre measure were balanced on a file, instead of 

being supported by a dynamometer, the equilibrant P would 

be produced by the upward pressure of the file on the 
measure.) 

Calculate the moment of each of the weights about O, 
and compare the sum of the moments of the weights on 
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the right-hand side with the moment of the 100 grams wt. 
on the other side. 

Example. A beam AB, 8 ft. long, will !? al » n “ f 
•U ft from B If the beam is supported at this point, ana 

a weight of 10 lbs. is placed at B, find what weight must be 
placed at A to balance it. 




31 


B 


77 


10 
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Since the beam balances at a point C. 3**. from‘the^end 
B, the weight of the beam acts at the point C, uhicb 

centre of gravity of the beam. 

of • 

about C must equal the moment of 1C lb., abo w. 




w 


= l 10 . 

= 20. = 7 1 lbs. 


EXAMPLES I. 

J-. irs&z SfSgW.-Sft 

weight of 8 lbs. be placed to maintain equilibrium 

2. A uniform plank, 10 ft. long ia used as a 

can turn round an axis at rta m.d point. » “A^yof 10 

9 stone sits one foot from one en , • t j pressure 

stone sit to keep the plank horizontal ? \ hat is the pressu 

on the support, if the plank weigh 

a A ntiek AB 4 ft. long, will balance at a point C, 20 in. 
from A. If the stick is supported at this point, and a weight 
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of 5 lbs. is placed at A, find what weight placed at B will 
balance it. 


4 . A body placed in one scale pan of a balance is balanced 
by some shot placed in the other. A weight of 20 grams 
substituted for the body is found to balance the shot. What 
is the weight of the body ? Borda’s method (1733-1799). 

5. If the left arm of the balance in Qu. 4 is }g? part of the 
right arm, find what is the true weight of a t>odv which, 
when placed in the left pan, is balanced by 60 grams in the 
right pan. 

6. A pump handle, 4 ft. long, is pivoted at its centre of 

gravity, which is G in. from the end to which the piston rod 

is attached. What upward pull does the rod exert, if the 

other end of the handle is pushed down with a force of 20 lbs 
weight ? 


7.. The beam of a balance is horizontal when no weights 
arc m the scale pans, but it is found that 20 grams in the 
left pan requires 201 grams in the other pan to balance it. 
How would you account for this ? What weight in the left 
pan would balance 20 grams in the right pan ? 

bar V 4 ^ Pivoted at its centre. A 

weight of 10 lbs. is hung from one end, and the bar is kept 

by ha ? pln L g an , other "'eight of 16 lbs. on it. Where 
should this weight be placed ? 

fr.nn \° riz0nt u al " f h en supported at a point 21 ft. 

end and ft^ a A WClgbt ° f 2 lbs - is now fastened to this 

o t: i nd the ;° d d r r; Tla ! n3 h ° nz ? ntal i f 3 lbs. is fastened to the 
other end. Find the length of the rod. 

.10; , flrm8 a balance are of unequal length but. it is 

feft ™ «“»»<£ B-vfcy. A body! when pLeed,n!he 

oft pan, is balanced by W, grams in the right pan (this is 

richtTnTt ulSh I K bndy) - lf th0 bod > 5is W in the 
n ht pan it s balanced by W, grams in the left pan Find 

the true weight of the body. Gauss’ method (1777- T 1855). 
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Experiment 4. We have seen that, if we wish to keep a 
metre measure in equilibrium in a horizontal position, we 
must place the fulcrum at G, the mid point of the scale, 
so that the upward thrust produced by the knife edge may 
neutralise the weight of the measure. 


* 



■l w 

Fio. 

If we move the fulcrum to a point C, the weight of the 
measure, which is equivalent to a single force acting at G, 



FlO. 18. 


will produce a rotation of the measure round C. \\ e can 
keep the measure in equilibrium by placing a weight u 

at some point D between A and C. 

Find, by experiment, the position of the point D, if 
w= 80 grams, and hence calculate the weight of the 

measure. 
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Since the weight of the portion CB of the scale tends to 
produce rotation in the opposite direction to that produced 
by the weight of AC, the beginner is apt to think it neces¬ 
sary to consider the moment of the weight of each part 
of the measure separately, instead of taking the moment of 
the weight of the whole measure acting at G. 

Suppose the measure to weigh 100 grams, and suppose 
the fulcrum C to be 30 cms. from A. 



Fio. 19. 

If CD = x cms., we have 

80 x = 100(20);.(i) 

a: = 25 cms. 

Now, consider the moment of the weight of each part 
of the measure separately. 

A 


Fio. 20. 

AC will weigh 30 grams, and CB will weigh 70 grams. 
Then 80x + 30(15) = 70(35), 

»>• 80x = 70(35)-30(15) =2000, 

which is the same equation as (i). 
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Experiment 5. Place one end of a metre measure on 
a knife edge at A, and support the measure in a hori¬ 
zontal position by a dynamometer fastened to the scale 

6t B. . 

The force P tends to turn the measure round A in a 

counter-clockwise direction, and the weight of the measure 

tends to turn it round A in the opposite direction. 

Calculate the moment of the weight of the measure about 

A, and compare the result with the moment of the force P 

about A. . , 

Here the fulcrum is at one end of the lever, as is the case 

in the wheelbarrow, and the oar of a boat if we consider 

the blade to be fixed (approximately) in the water during 

a stroke. . . i 

Now, hang various weights at different parts of the stale. 

Calculate their moments about A (include the moment of 



the weight of the scale;, and compare their sum with the 

moment of the force P about A , .. . 

To find the force exerted by the fulcrum at A, 
a dynamometer for the knife edge at A, and not, that, rf 
the reading is 0, then P t a equals the sum of the forces 

acting downwards on the scale. 
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It is evident that this experiment is a simple case of a very 
common type of problem such as the following: 

A span of a bridge is supported on piers at its two extremities; 
find the pressure on the piers when tho bridge has loads placed at 
various points on it. 

The upward pressures of the piers on the bridge are represented 
by the forces P and Q, and can be found by taking moments as 
in the experiment. The pressure of the bridge on the piers is the 
same as the pressure of the piers on the bridge, but in the opposite 
direction. 

When working examples in Statics, the following points 
must always be clearly stated : 

1. The body (or portion of a body) whose equilibrium is 
being considered. 

2. The forces acting on that body. 

3. The principle which is being applied. 

Example 1. A rod AB, 100 cms. long, whose weight, 50 
grams, aots at a point G, 60 cms. from A, is supported at C 



20 50 30 

Fio. 22 . 


and D, and has weights of 20 grams and 30 grams at E and F 
rospoctwdy. If AC =30 cm3., AE=50 cms., AF = 70 cms.. 
AD-SO cms find the pressures on the supports. 

U e consider the forces acting on the rod. 

The rod is in equilibrium under the action of its weight, 
the forces .0 grams wt. and 30 grams wt. vertically downwards, 

upwards 1>ressurea P and Q °f thc supports on the rod vertically 
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Taking C as a fulcrum, we have, by the principle of moments 
20 (20) + 50 (30)+ 30 (40) =Q (50), i.e. 3100 = 50Q; 

Q = 62 grams wt. 

Sine* p+ Q = 20 + 50 + 30 = 100, .-. P = 38 grams wt. 


Now, the pressure P of the support on the.rodat C is equal 
to the pressure of the rod on the support at that point. 

& Therefore the pressures on the supports arc 62 grams wt. 
at D and 38 grams wt. at C. 

Example 2 A uniform bar AB weighs 10 lbs. and is 6 



no. 23. 


Let the bar balance at E, where AE ^ f . we ight, 

Jt^X'td-i fv^Xwnwards, 

the upward pressure of the fulcrum a 
Taking moments about E, we have 

2x+ 10(x - 3) =4(5 -x ); 

16x = 50 ; 

.-. x= 3J ft. 

The bar will balance at a point 3£ ft. from A. 
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PLES n. 


1. A uniform bar, AB, 6 ft. long, weighing 60 lbs., is fastened 
at C, a point 2 ft. from A, in a horizontal position, so that it 
cannot move. What is the moment about C of (1) the weight 
of the part AC of the bar ; (2) the weight of the part CB ; (3) 
the weight of the whole bar ? What relation is there between 
these three results ? 


2. A Jack in the box pushes with a force of | lb. weight 
at the mid point of the lid, which is 12 cms. long. What must 
be the least force exerted by the catch to keep the box closed ? 

3. A uniform plank AB, 10 ft. long, weighs 100 lbs. It 
rests on two vertical supports, one at A and the other 3 ft. 
trom B. If a boy weighing 9 stone, standing on the plank, 
makes it tilt, find where he is standing. 

4. A uniform bar, 100 cms. long, balances at a point 30 
cms. from one end when a 100 gram weight is placed 15 cms. 
from that end. Find the weight of the bar. 


. A- bar, 5 ft. long, whose weight mav be neglected, 
is supported by two vertical strings at its ends'. If the string 
breaks when its tension is more than 6 lbs., find how near to 
the end of the bar a weight of 10 lbs. may be placed. 

6. A uniform bar AB, 5 ft. long, weighing 10 lbs., is supported 
by two vertical strings one at A and the other 1 ft. from B. 

becomes! Jk.‘ S “ be P ‘“ Ced at 8 before the 3tri “S A 


7. A uniform plank, 12 ft. long, weighing 100 lbs rests 

from the"^. I>arJ } lle f I horizont f Poles placed the same'height 
nlanlr h ? l. md afc J»gbt angles to the plank. The end of the 

{wctT* ft } ° nC bey ? nd ° ne P ° ,e ’ and the other e nd 

the* WvW be - yond the ofc ber pole. What is the weight of 
tilting iM man Wh ° Can Walk alon S the plank without 

8. A uniform rod, 6 ft. long, rests on a table and its end 

13 pu f, lpd ° ver ed f e - How much of the rod can project 
over the edge before the rod will topple ? P J 

two sun^rr* b0am , 7 , ffc - Ion - reste horizontally on 

two supports 1 ft. and 5 ft. from A. If the greatest weight 
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that can be hung from B without tilting the beam is lo be 
find the weight of the beam. Fmd also wh ^t ^ ‘ t c ^ ™ 
hung from A without upsetting the beam when 
weight at B. Find the pressure on the supports in each case. 

10 A uniform crowbar, 4 ft. long, weighing 12 lbs., is 
used to lift a block of stone. If the edge of the block Produces 
a vertical pressure of 1 cwt. on the crowbar 1 ft from the 
end, find what vertical force a man must exert at the other 

end to move the block. 

11 A beam AB 4 ft. long, weighs 10 lbs., and balances at 
a pLt 2* ft. from A. If a weight of 2 lbs. is placed at A and 
3 lbs. at B, where will the beam now balance ? 

12. A uniform bur AB has a weight of 5 Ita i 

B “ifYlbsTadded°trth“Ve f ight U at r B m fulcrum mist be 

moved 6 in. towards B to maintain equilibrium. Fmd the 
length of the bar and its weight. f 

13. A ladder. 16 ft. long, weighing 80 lbs. has .>^-tre of 

gravity 6 ft. from the ^“*^'3 ft from the bottom, the other 
STllSTtEC WlS man exerts the greater pressure. 

and by bow much ? . „ f „i„ rllT1 , ftt A 

14. A lever safety valve ABC turn^about^a 

The resultant thrust of the stea weight applied 

upwards at B, and the valve «. M"by a ^.PP 
at C. If AB=3 in. and BC-2U in., . , f tlie 

C, if the valve may just blow when the upward tn 

steam is 700 lbs. wt. weighing 20 lbs. 

15. A bar of uniform seetton 12 ends projecting 

per foot, rests on two supports J ■ a ]oad 0 f 300 lbs. 

equally beyond the supports) )ft , han(i support. Cal- 

at a distance of 3 ft. 0 in. i due to the load earned ; 

culate (1) the pressure on each . II combined effect 

(2) the pressure on each support uuc 

of the load and the weight of the ban 150 lbs>> iB 

10. AB, a uniform bar 8 ft. long, props at 

supported in a horizontal post io of 200 | bs . be placed, 

A and B. How near an end rnu) ^ 250 lba . ? 

if the pressure on a prop ma} n 
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17. A uniform rod, 6 ft. long, weighing 10 lbs., has weights 
of i lb., 5 lbs., 6 lbs., and 4 lbs. suspended at points 1 ft., 
2| ft., 5 ft., and 6 ft. respectively from one end. Find at what 
point the rod will balance. 

18. A uniform bar, 14 ft. long, weighing 160 lbs., is supported 

on two props, 2 ft. and 4 ft. from either end respectively. A 
string is attached to one end from a point vertically above it. 
What tension must be put on the string if the two props are 
to support equal weights ? To which end must the string be 
attached ? 6 


19. A uniform plank AB, 20 ft. long, and weighing 180 Ibe., 
rests horizontally on two supports, one at A and the other 
at C, 15 ft. from A. A rolling weight of 300 lbs. can be moved 
along the plank. Find expressions for the pressures on the 
two supports when the rolling weight is x ft. from A. Plot 
a graph showing how the pressure on A varies as the rolling 
weight is moved from A towards B, and find the position of 
the weight when the plank just lifts off the support A. 

• . un ’f° 1 ' ,n plank AB, 5 ft. long, weighing 60 lbs., rests 

“J, a h ® r ? zo ^ tal position on two supports, one at A and the 
other 2.ft. from , B - Another similar plank CD is laid across 
AB at right angles at E, 1 ft. from A, and is supported by a 

and* on the man. 8 “ ^ ^ the P rCSSUre ° n ,he “PP 6 ** 


The Steelyards. 

uJt t'Z’!, , S ‘f y r a - Thi3 lever ' " hich is 8tiU !n c<™mon 

use, is supported at u point B, and the weight of a body 



suspended 
bar DB at 
ptaceu to 


0 t w A Jr P 8 t I !r n 'V, he r ° adin 8 on the Rraduated 

nrnHunA the ,. I 1 novable constant weight P has to be 
produce equilibrium. 
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Moment of a Force which does not act at Bight Angles to 
the Lever. 

Experiment 6. Cut out from a piece of stiff cardboard 
a circular disc of radius about 10 cms. Fasten it to a 
vertical board, so that it can turn easily about its centre. 



Attach two equal weights to two pieces of tope, fasten the 
tapes to the cardboard by drawing pins, and adjust them 
on a diameter, until the disc is in equilibrium. 

If we move one pin from B to C, a point vertically below 
B, will the disc turn round ? 

Find the locus of this pin, for the disc to remain in 
equilibrium. 

Replace the pin at B. If the disc is turned through an 
angle oi say G0°, will it remain in equilibrium ? Try it. 

Now make the weights unequal, and adjust the tapes on 
the disc, so that there is no rotation. 

If they balance when W, is at A and W 2 at B, it will be 
found that equilibrium is also maintained if \N l is fastened 
at any point in the vertical line through A. and W 2 at any 
point in the vertical line through B. 
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If, then, W 2 is fastened at B lt its turning power is the 
same as when fastened at B, so that its moment is still 

W 2 xOB, and not W,xOB x . 



It will be clear from this experiment that the condition 
for the weights to balance is that their moments about an 
axis at O shall be equal; the moment of a force abo 
point O being now properly defined as the product 

Force X perpendicular drawn from the point O to the line 

of action of the force. 


Further Illustration of the same Principle. 

Experiment 7. Support a half-metre measure by a needle 
through a hole at the mid point C. f n s t r inf? 

ni.»*»»* ‘JSTJ; 7,3 

to B and to a dynamometer, so , -ii u e 

pull P makes an acute angle with AB. A standDwrll be 

required to prevent the scale from suing'ng 

The moment of the 50 grams w.rght about *h^ ax, a 
C is 50 X AC. If we read the dynamometer, we find 
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the reading P (corrected for the position of the dynamo¬ 
meter) is not 50 grams. 



Therefore PxBC does not measure its moment. 

Drop a perpendicular CN from C to the line of action of 

P, and we find that P x CN is approximately equal to 

o0 x AC ’ so that tIie turning power or moment of P is 
measured by P x CN. 

Instead of a measure, a piece of stiff cardboard of any 
shape may be pivoted at its c. of o„ so that it may move 
easily in a vertical plane. Two strings are then fastened 
to it and pulled <m a vertical plane) by dynamometers. 

,H be f ° Und that whe " ‘here is equilibrium T ,p. =T,p., 

where ft, p s are the perpendicular from the fulcrum to 

the line of action of the strings whose tensions are T, T a 
respectively. 1 a 
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Historical Note. 

Leonardo da Vinci (1452-1519), the Italian painter, seems to have 
been the first to investigate the condition for equilibrium when the 
forces do not act at right angles to the arm of the lever. He says: 

“ We have a bar AD free to rotate about A, and, suspended from 
the bar a weight P, and, suspended from a string which passes over 



a pulley, a second weight Q. The lever arm for the weight P is not 
AD, but the ‘ potential * lever AB. The lever arm for the weight 

Q is not AD, but the ' potential’ lever AC. . 

The direction of the pull on the rod caused by the weight Q is 



Example. A bar AB, 4 ft. long, can turn in a Horizontal 
plane round an axis at A. It is pulled at B y a i - 
force of 10 lbs. at right angles to the bar, which is kept f m 
moving by a fixed horizontal rod fastened at the bar at C 
3 ft. from A, and inclined to it at 40°. Find the pull in this 


°The bar is acted upon by a force of 10 lbs. at B, the pull P 
of the rod CD, and a force at A. 






30 


STATICS 


Since there is no rotation in the horizontal plane round A, 
the moment of the 10 lbs. about A must equal the moment 
of P about A. 

Drop a perpendicular AE from A to CD, then AE = 3 sin 40. 
Therefore, by the principle of moments, 

10 x 4 = P x 3 sin 40 ; 

P=- 4 3 ° cosec 40 = 20-7 lbs. 



PLES HI. 


1. To turn a gate on its hinges, the least possible force 
required is 10 lbs. How and where should it be applied ? 
If the line of action of the force were turned through 45° in 
a horizontal plane, what force would then be necessary ? 

2. A uniform beam is pivoted at its centre. If 10 lbs. hang 
at one end, what horizontal force at the other end will keep 
the beam inclined at 20° to the horizontal ? 

3. A uniform bar, 6 ft. long, weighing 8 lbs., can turn in a 
vertical plane round one end. What force at the other end 
acting at right angles to the bar will keep the bar inclined 
at 30° to the vertical ? 

4. A circular disc, 1 ft. radius, can turn easily in a vertical 
plane round its centre O. A weight of 2 lbs. is fastened on 
the rim at A. What horizontal force in the plane of the disc, 
acting at B, will keep OA horizontal, if OB is at right angles 
to OA and 4 ins. long ? 

5. What horizontal force would be required at B, if the 
disc in Qu. 4 were turned so that OA is inclined at 30° to the 
vertical ? 

6 . A uniform bar AB, 4 ft. long, is hinged to a wall at A, and 
is kept horizontal, at right angles to the wall, by a string 
fastened to B, and to a point in the wall 5 ft. vertically above A 
Find the tension in the string if the bar weighs 300 gnims. 

7. A weight of 10 lbs. is hung from a nail by a string 5 ft. 
long. It is then pulled by a horizontal force until it is 3 ft. 
from the vertical line. What must be the magnitude of the 
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iorce ? What force would be required if it acted at right 
angles to the string in the new position . 

8. A uniform rod, 100 cms. long, weighing SO grams can 

turn in a vertical plane round a pin at one end 11 “ “““* 
an angle of 22° to the horizontal by a force at its town' < , 

which is inclined at 50“ to the vert,cal. Find this force (1) 
by measurement from a figure drawn to scale, (2) by 

calculation. 

by a cord fastened to the ' What will 

K?e rpproxiT^ SS2n to to c P ord if the window weighs 
10 lbs. ? 

10. A weight of 3 lbs. is attached to a nm of.a p wheel at 
A ; A wei 8 ht ° f f t J e whe h er g If thewheel c^n route in a vertical 

circumference of the wheel, it tue position of 

11. A rectangular block of stone, weighing ^ *»**“£J 

on its end, which is 2 ft. square. 1 cdg £ w j|l tilt it, 

horizontal force at right angles . 1 ti through the 

Consider the forces acting in a veitical fe 

centre of gravity. 

12. Find graphically what force bbc^in^u. ll 

horizontally would be required to supp 

when it had turned through 20 . 

13. A trap door ABCO is ^ b" to 

It opens round a hinge along A , j. j j 8 un 'der the 

in a* vertical plane 2 ft. long one end of h 1 J - horizonta , 
mid point of CD and the other on the eug 

frame. Find the thrust in this bar. 

14. A uniform rectangular board^ABC0^4 longe ; 

weighing 2 lbs., is pivoted a . vertica plane. Find what 

tnrn P through 20“. 
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15. If a weight of £ lb. had been hung at B (see Qu. 14), 
find through what angle the board would have turned. 

16. The beam of a balance turns about B, the mid point 
of its top edge AC, where AB = BC=Z. The c. of G. of the 
beam, whose weight is W, is at G, vertically below B, when AC 
is horizontal, where BG =V. If a weight P is suspended at A 
and a weight P + p at C, and the beam turns through an angle 

a, prove tan a=^Ly. 

17. A pole is fastened vertically in the ground, so that 10 ft. 
is above the surface. A rope fastened to the top and to the 
ground, 20 ft. from the pole, will break the pole at the ground 
if stretched with a force of 1 cwt. What force would break the 
pole if the rope is tautened at double the distance from the 
foot ? 


18. The axle of a capstan is 2 ft. in diameter. If four men 
push, each with a force of 40 lbs. weight, at right angles to 
the bars of the capstan, at a distance of 6 ft. from the axis, 
find the greatest weight lifted by a rope coiled round the axle 
of the capstan. 

19. A uniform solid hemisphere, with a particle attached 
to a point, of its rim, rests in equilibrium on a horizontal plane, 
with its plane face inclined to the horizon at an angle of 60°. 
Assuming that the distance of the c. of o. of the hemisphere 
from its centre is equal to g of the radius, find the ratio of the 
weights of the hemisphere and the particle. 

20. A rectangular plate of metal A BCD weighs 500 grams. 
It can turn freely in a vertical plane round A. Find what 
weight must be suspended from B to make the diagonal AC 
turn through 20°. AB=2 ft. ; BC = 1 ft. 
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Parallel Forces. 

We have seen that the equilibrant of two P«aHel ‘or“3 
P and Q, acting on a body at A and B respectively, .s 

force P + Q, acting at O, where 

p AO =0.. BO. 



If, through o. we draw any line COD, wc 

that the forces P and Q, acting jt q is B tiU 

equilibrium, since the cond.t.on P. AO a. 

"“he angle AOC = fl, we have therefore 

p . AO sec 0 - Q. • BO sec 6, 

P CO=Q DO. 

C t,n C cep t Qand C p + P a C a°e“in equilibrium, it follows that 
a at D is the equilibrant of P at C and P + Q at O. 
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Now, since P. CO = Q . DO, we have 

P. CO+P. OD = Q. DO+P. OD, 
i.e. P . CD = (P + Q) . OD. 

Let P be called X, and let P + Q. be called Y. Then the 
equilibrant of X at C and Y at O is a force Y - X which cuts 
CO produced on the side of the greater force at a point D, 
such that X . CD =Y . OD. 

When parallel forces act in the same direction, they are 
said to be “ Like parallel forces ” ; when they act in opposite 
directions, they are termed “ Unlike parallel forces.” 

Couples. 

A pair of equal parallel forces, acting in opposite direc¬ 
tions, is called a Couple. Suppose a rigid body to be acted 
upon by a pair of equal forces P, in opposite directions. 

Take any point O in the plane of the forces. 

p 

A---O 

wP 

Fio. 32. 

Draw OBA perpendicular to their lines of action. 

Since the forces tend to turn the body round O in opposite 
senses, the total turning effect is measured by 

P(AO) - P(BO) =P(AO — BO) = P . AB. 

This result is independent of the position of O. 

The turning effect of a couple is called its torque , and is 
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measured by P. AB, the moment of the couple. AB is 

called the arm of the couple. 

Take the point O between the lines of action of the foices 

and show that the moment of the couple is st.ll measured 

by No single force acting on a body can neutralise the effect 
of a couple. To keep the body in equilibrium, «e mus 
apply to it another couple of equal moment acting m the 

opposite sense, 
by the engines. 



equal forces, due N J n of °{hc Telr.^lted^ 0 anrW°t C a 

^r'rosrtit ^ produce equalled opposite forces on 

th U D H be Z force pro a du"d by the earth, and F the force 
produced by the magnet on each end of the needle. 
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In the position of equilibrium, let the needle make an angle 
0 with the N. and S. line. The torque produced by the earth 
is H . 2a sin 6, where 2 a is the length of the needle. The 
torque produced by the magnets is F . 2a cos 0. Since these 

are equal, F . 2a cos 0 = H . 2a sin 0 ; 

F = H tan 0. 


EXAMPLES IV. 

1. A force of 8 lbs. wt. acts along a diagonal of a square 
lamina, and a parallel force of 3 lbs. wt. acts at an adjoining 
corner. Find the magnitude of their e 4 uilibraDt and the point 
in which its line of action cuts the other diagonal (i) when the 
forces are like, (ii) when the forces are unlike. 

2. Find the magnitude and the position of the equilibrant 
of two unlike parallel forces P and Q, whose distance apart is 
10 cms., (i) when P = 100, Q = 90; (ii) when P = 100, Q, = 99; 
(iii) when P = 100, Q = 100. 

3. Two parallel forces P and Q net at A and B respectively. 
Prove that if both forces are turned through the same angle, 
the point in which AB is cut by their equilibrant will remain 
unaltered. 

4. A uniform beam weighing 10 lbs. per foot-length projects 
6 ft. at right angles to a vertical wall into which it is fastened. 
Where does the vertical upward force act on this part of the 
beam, in order to neutralise its weight ? Show that the beam 
is acted upon by a couple which tends to break it and find its 
moment. 

5. P and Q, are two unlike parallel forces. P is 12 lbs. wt., 
and acts at A ; Q is 8 lbs. wt., and acts at B. 2 ft. from A. each 
force making an angle of 60° with AB. Draw AC. 8 units in 
the direction of P. and BD 12 units in the same direction as 
AC. Join DC, and produce to meet BA produced in E. Provo 
that E is a point on the line of action of the resultant of P 
and Q. 

6. Give the corresponding construction when P and Q are 
like parallel forces. 
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7 . Along the sides AB and CD of a square ABCD - forces 
^ acting afong EF and CB 

will maintain equilibrium ? 

Stitt -Bf xx n - and s 

line when in equilibrium, prove that F-Hsmtf. 

Additional Laboratory Experiments. 

1. Support a beam near one end 
ron a tbo n b e r he K»P the bJauc/vertica, by camping it in a 

XX Of cord over 

of ‘’ ,o loopfro,n ,he 

Unde edge. Read .be Xemn". values of x, and tabulate 

Repeat the observations \u - the vertical 

rbem. The distance (XI, between ^ ^ load o{ 

through the spring balance to 1 

5 Add'to your table two columns, one containing tbe product 

and the other (F-/) X. 

Find the sun, of each o those tw ^ ^ ^ Talue ot * 

Give a graph coord nat g the graph the corresponding 

not previously observed, an distance r from 

value of F. Also find F by adjusting the loop 
the knife edge and reading the spring balance. 

passed through this hole. ^ of cotton tied to B, so 

Suspend a 20 gram wt. (m > 3 lc of a bout 50°. From 

that the recUngle turns throug , we iaht. 

measurements taken on the cardboard, find its weight. 
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3. Given an irregular piece of stout cardboard with six holes 
pierced through it. 

Weigh the cardboard, and support it by a horizontal knitting 
needle passed through one of the holes, with a weight of 100 grams 
hung from another hole. Mark the point of suspension and the 
lino of action of the 100 grams wt. 

Transfer the 100 grams wt. to another hole, and mark on the 
cardboard its new lino of action. 

From these two observations dotermine and show on the card¬ 
board its c. of a. 

Check your result by letting the cardboard hang freely, and 
show on it the line which is then vertical. 

4. The end A of the given swinging rod AB is tied to the support 
C by a thread AC. Fasten a spring balance to the other end B 
by another thread BD. 

Measure the depth of A below C. 

Lift the end B by the spring balance, so that AB is horizontal 
and the string vertical. 

Read the spring balance. 

Draw the end A of the rod slightly to one side by a thread from 
A to a clip at E. 

Measure the vertical depth y of A below C. 

Again, bring AB to a horizontal position with the spring balance, 
keeping the thread BD parallel to AC. State how you do this. 

Record T, the reading of the spring balance. 

Repeat tho observations, varying the length of AE, and always 
keeping BD parallel to AC. 

Tabulate three values of T and y. 

Explain your result theoretically. (Army.) 

5. Arrange the bar ABC and the metre rule DEF as shown, so that 
when both are held horizontally the three threads AH. CD, EK may 
bo all vertical. D and E are loops of thread tied tightly round the 
rule at graduations 10 cm. and 25 cm. respectively. From B suspend 
the load W, and note the distance y cm. from E of the rider R when 
placed so as to balance the system. Tabulate y when W = 0, 100 
200, 300, 400, 500 grams. 
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Show in a graph how y depends upon W, and account for thefoct 
that the graph is a straight line 



CHAPTER H. 


MACHINES. 

Work. 

We are accustomed to use the phrase ‘ doing work ’ to 
express the fact that we are engaged in some kind of 
laborious effort. For instance, we should say that we are 
doing work if we raised a weight of 10 lbs. through a height 
of 5 feet. We should also probably say we were doing work 
if we pushed with considerable force against a wall, without 
producing any effect on the wall, but, in the scientific sense 
of the phrase, the force in this case is doing no work. A 
force is said to do work when its point of application is 
displaced in the direction of the force. The amount of 
work done is measured bv the product— Force x distance 
the point of application moves in the direction of the force’s 
line of action. 

Work may be measured in foot-pounds, foot-tons, etc. 
If a weight of 10 lbs. is slowly lifted vertically through a 
height of 5 ft., the work done against gravity is 50 ft.- 
pounds. It requires a knowledge of dynamical principles 
to show that work must be done to increase the velocity 
with which a body moves, but if the body is raised slowly 
the work done in setting it in motion may be neglected. 

An important dynamical principle, which may be proved 
experimentally, states that, it the rate of change of the 
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velocity of a body is zero, then the resultant force ac g 
on the body is zero, so that the relat.on between the torce. 
acting on a body moving with uniform velocity, is the san 
as the relation between these forces when they act 

b<> Any^relations that we determine betweenfo.es in> equili¬ 
brium acting on a rigid body at rest w.ll be true 

acting on a body moving with uniform veloct). 

It till be noted that the time taken doe a 

question. The body may be raised m small ft 

Le, but when the 5 lbs. have been ra-sed through 4 ft., 

20 ft.-lbs. of work will have been done in a . 




C 


If the point of application ot tne — remaininp 

the body at A, is moved fiom A ’ , t « f orce 

parallel to its original direction. the wor o ^ anothcr 
P will be P x AC, and not P x AB. It is cl jn 

cause must have been responsible for moving 

the direction CB. . , mnve( i ], 0 ri- 

If a weight is supported by a 6trin 8’ aince thc 

zontally, no work will be done again g . > ^ 

force of gravity acts 
at right angles to the 
direction of motion. 

If a ring on a rough 

bar AB is pulled by . h hfiT no work 

a force P in a direction at right ang es 

will be done. 



FIO. 30. 
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If the force P acts obliquely, and the ring is moved from 
C to D, the work done by P will be P x CE, where DE is 

A C D B 



Fig. 37. 

drawn at right angles to the direction of P, since CE is the 
distance the point of application has moved in the direction 
of the force. 

This result will be discussed at a later stage (see p. 85). 
Work done by a Lever. 

AOB is a lever balanced at O, its c. of o., and a weight 
at A balances a weight W 2 at B. 


# 

A 



If the lever is turned through an angle 0, will it balance 

in the new position ? The distance moved by Wj in the 

vertical direction in which it acts, is a sin 0, so that, accord- 

*ng to our definition of work, the work done on W, is 
W x a sin 0. 1 



MACHINES 


43 


Similarly, the work done by W 2 is W 2 & sin 6. 

But, by the principle of the lever, 

W x a = Wjj6 ; 

.\ Wjfl sin 6 = W 2 frsin 6, 

i.e. the work done on the machine is equal to the work 

done by it. . , . 0 

This is only true in an ideal macb.ne, as we neglect the 

work done in turning the lever round O against the friction 

at the axis, and also the work required to set the weight 

and lever in motion. 

The efficiency of a machine is measured jy i 
Useful work doneby the machine^ 

Total work done on the machine ^ 

so that in an ideal machine the efficiency is unity or 100 % 
The principle of work, as applied to machines was first 

discussed by Stevinus (lo-18-l ) ( P* . .. • 

it thus : “ Ut spatium agentis ad spatium patie , 

potentia paticntis ad potentiam agentis. 

Distance m oved by the^ gort, _ joad 
~DistS^Te moved by load eflort 
The principle was applied to the inclined plane by Calileo. 

examples V. 

1, If 1 ton of coal is raised to the 
id the work done against gravity in It. an 

2. What force vill be rcqu^d to Find how 

TtTet ’SSing this weight through 1 metre. 

(Answer in cm.-grams.) , . 

3 The resistance to the JioUon <>ft.-tons which 

in riding 10 miles. 


find 
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4. A weight of 1 ton is to be raised 20 ft. by a machine; 
find how much work must be done by it. If its efficiency is 
60 %, find how much work must be done on the machine. 
How much work is wasted ? 

5. Two strings are so connected that when one is pulled 
down 3 ft. the other rises 1 ft. If you hang a weight of 5 lbs. 
on the former, what is the least pull you must exert on the 
latter to raise it ? Give your reasons. 

6. A body weighing 3 tons is kept moving with uniform 
velocity up a slope against a frictional resistance of 10 lbs. 
wt. per ton. Find the work done against friction in moving 
the body 20 ft. 

7. When one of the keys of a pianoforte is depressed 
through £ in., the hammer of the pianoforte is raised through 
a vertical height of 2 in. A force of 2 oz. wt. will just depress 
the key. Find the weight of the hammer. (Neglect all weights 
except the hammer.) 

8. A force of 10 lbs. wt. at one end of a lever 4 ft. from the 
fulcrum is required to raise a weight of 35 lbs. at the other 
end, which is 1 ft. from the fulcrum. Find the efficiency of 
the machine. 

9. The efficiency of a lever is 80 %. Find what weight, 
8 in. from the fulcrum, can be raised by a force of 20 lbs. wt. 
acting 3 ft. from the fulcrum. 

10. A man pulls a rope through 40 ft. with a force of 50 
lbs. wt., in order to raise a weight of 1 ton. If the efficiency 
of the machine is 80 %, find how far the load will be raised. 


Pulleys. 

Experiment 1. Fasten the ends of a string to two equal 
weights, and put them over a pulley. They will be found 
to balance one another. e shall find, however, that we 
can add a small weight to either side without disturbing 
the equilibrium, so that the pulley does not turn when the 
weights are slightly unequal. 
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If this pulley were of larger radius, would the additional 
weight necessary to produce rotation be increased or 

diminished ? Why ? 

Explain the advantages of large pulleys, such as those 
over which the wire rope passes to raise the cage at a coal 

pit. 

If we take a pulley, carefully mounted on bearings, we 
shall find that a very small difference in the weights will 
produce motion, and that the difference depends chiefly on 

the friction at the axle. 

Consider the equilibrium of the weights W, and W 2 , 
and state the value of T, and of T„ the tens.on m the two 
parts of the string. 




Considering the equilibrium of the pulley we have by 
taking moments about O, if a is the radius of the pulley : 

T a u, the moment of the force, tending to turn the pulley 
clockwise 

T,a, the moment of the force, tending to turn the pulley 
in the opposite sense. 

The difference between these represents the moment ol 
the frictional force at the axis, and it is only when we 
assume that this force is negligible that we get T -T,a, 
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or T a -Tj, and can state in this case that the tension of the 
string is unaltered by passing round the pulley. 

What is the force on the axle of the pulley ? 

Find, by experiment, whether the fiction at the axle is 
increased by increasing the weights which it is supporting. 

Experiment 2. Pass a string round a pulley, fasten each 
end to a dynamometer, and hang a weight W to the pulley. 

If T is the tension in the string, and w is the weight of the 
pulley,we have,since the pulley is in equilibrium, 2T =w + W, 



FlO. 41. FlO 42, 


If one end A of the string is kept fixed, and the other 
end B is raised until the pulley s centre has risen a distance 
x, what is the distance BB' through which the other end 
B of the string has been raised ? 

System of Pulleys with a Single String. (Block and Tackle.) 

This system consists of two blocks containing the same 
number of pulleys, called sheaves. The upper block is 
fastened to a beam, the lower supports the load. 
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One end of a string is fastened to the bottom of the 
upper block, passes* round a sheave of the lower block, then 

round a sheave in the upper block, and so on. 

The force (P) required to raise the load (W) is applied 
at the other end of the string. It is called the Effort. 



The model on the right shows the pulleys placed beneath 
one another, so that the arrangement of the string is more 

If the load W and the whole of the lower block is raised 
a distance z, the pulley B, will rise a distance x, and a 
length of string 2x will pass round A,. Since B a has risen 
a distance x, a length 4z will pass round B 2 , and 6x round 
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Bg and Ag, so that the effort P will move a distance 6r. 

The fraction dl ^ tance ^ mov gi j s called the Velocity Ratio 

distance W moves 

of the machine. 

The useful work done by the machine is Wa:, if the load 
rises a distance x. The work done on the machine is P x 6x. 

w 

efficiency of machine = gpj- 

The total work done will be (W + w)x, if no work were used 
in overcoming friction, and in this case we should have 

(W + w) x = P. 6x, 

or W + w = 6P. 


Consider now the equilibrium of the lower block. If we 
neglect friction, the tension in the string will be the same 
throughout and equal to P. Therefore, if we assume the 
strings are parallel, the total force acting vertically up¬ 
wards on the block will be 6P, since there are 6 portions of 
the string ; hence GP = W + ic , as before. 

W 


. is called the Force Ratio of the 


The fraction -«r— 

, . effort . 

machine. 

Experiment 3. If scale pans are used, it is best to take 
the end of the string over another pulley fixed to the beam, 
so that the scale pan containing the effort hangs clear of 
the lower block. The weight of the scale pans may be 
included as part of the load and effort respectively. 

In an experiment with this system of pulleys, the following 
results were obtained : 


I>vul, 

•230 

•260 | 

300 

360 

430 605 

560 | 660 grams. 

Effort, • ^ 

60 

1 66 1 

75 : 

86 

100 1 115 1 

1 

125 ‘145 grams. 


In each case the effort just caused the load to ascend. 



MACHINES 


49 


Efficiency. . 

For a load (W) of 230 grams the effort (P) is 60 grams 

md when W ascends 1, P descends 6; therefore 
efficiency for this load is 

1 = -f,4 or 04 %. 

00 X 0 

Calculating the efficiency in each case wo get 


- .O o 


• 230 200 JW I : _ 

Efficiency, | «“] ^ | « | 

How do you account for the fact that the efficiency in¬ 
creases when the load is increased 1 

T.aw of the Machine. , 

Plot out the corresponding values of P and w on a p> J 1 
P along the Y axis and W along the XM.^ '\e find that 

smfflliimillM 


£100 

0£ 


80 



5M 410 400 - 

FiO. 44. 

a a on the other. 

F.S. 


1 fc> M i ^ 
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The equation of a straight line is of the form y=ax+b 
(see Algebra), in this cape P = aW + b. 

To find a and 6 we select two points on the graph, e.g. 
P —110, W =475 and P = 125, W =550 ; then 110 = 475a + £> 
and 125 = 550a+ 6, from which we obtain a = 0-2, 6 = 15; 
hence P = 0-2W + 15, which is the Law of the Machine. 


Friction. 

In the experiment referred to above, the weight of the 
lower block was 73 grams, so that for a load of 300 grams 
the total work done against gravity when the load is raised 
a distance x is 373x units. The effort was 75 grams, 
the work done on the machine = 75 x 6x = 450x units, 

i.e. llx units of work were used to overcome friction. 

77x 

This requires a force of -^- = 13 grains as part of the effort 

required to overcome the friction of the machine. 

Calculate how much of the effort is required to overcome 
the friction of the machine for each load, and verify the 
following table : 


Load, 

230 

2G0 

300 

300 ' 

430 

500 ! 

560 

660 

Friction - 

i 10 

10o 

13 

1 14 

16 

19 | 

20 

23 


How do you account for the fact that the friction increases 
when the load increases ? 

Experiment 4. We can find the effort required to over¬ 
come friction in a different wav. 

Let P be the effort required to raise W 300 grams, if 
there had been no friction ; let F be the effort required to 
overcome friction. 

In order to raise W with uniform velocity we require an 
effort of 75 grams. ^ p + p = rr ) qj 
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Now find what effort is required just to keep W falling 
with uniform velocity. With the same apparatus it was 
fourd to be 50 grains. 

In this case the effort is less than P, by the frictional force , 

... .. 1 2 ' 

Subtracting (1) and (2), we get 

2F = 25 ; 

• f = 125 grams. 

approximately the same result as before. . A 

P This also gives P-62-5, and since the total load raised 

: s 300 + 73=373 grams, we see that approxim - 

6P = W + la, which a the relation when friction is ignored. 

EXAMPLES VI. 

sxea stfsf ss 

the machine, and state the force ratio. , 

2. If 20 % of the work done on a machine is wasted, fi 

its efficiency. , , f . . 

u Lld^; afeZtof 2 o'C •''find the distance°the Ld rUes 

if the effort moves through o feet. „ . 

. • f machine is 4 and its efficiency is 

4. The velocity ratio of a_ »«'»“ 1 cffort of j cwt , l 

60 /. What load can be raiscu 

,n n f go lbs will raise a load of - cw ts. 

5. In a mackne a pull • } i oa d is rising 1 ft., 

If the effort moves through 5 ft. "» llc 

find the efficiency of the machine. 

6. A block and tackle has the work done is used in 

the block weighs o ^ an . d J n t is required to raise 5 cwt., 
overcoming friction, find what effort » re 1 

and find the efficiency of the machine. 

7 . A block and tackle has three sheaves in each block. 


11 43V 
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The following table gives the effort required to raise the given 
loads: 


Load, 

20 

50 

100 

150 | 

200 lbs. 

Effort, - 

4*9 

100 

18*6 

27*3 | 

36*2 lbs. 


Find the efficiency in each case and find the force required 
to overcome friction when the load is 100, if the weight of the 
lower block is 3 lbs. 

8. The following table gives the effort P kg. required to 
raise W kg.: 


W, . ! 

50 

100 

200 

300 

400 

500 

P, • 

106 

122 

152 

| 184 

216 

246 


Plot these values, and, assuming the relation between P 
and W to be of the form P =aW + b, find the values of a and b. 

Find the efficiency of the macliine for a load of 250 kg. 
if the velocity ratio is 4. 

9. A block and tackle has three sheaves in each block. 
When a rope passes over a pulley the tension on one side is 
l of its value on the other. If P »s the effort, find the tension 
in the part of the rope which is fastened to the upper block, 
(i) when the load is ascending, (ii) when the load is descending. 

10. In the system of pulleys with a single string a force of 
50 lbs. wt. supports a load of 220 lbs., and a force of 25 lbs. wt. 
supports a load of 95 lbs. What force will be required to 
support a load of 315 lbs., and what is the weight of the lower 
block ? Friction may be neglected. 

11. In a block and tackle with three sheaves in each block, 
the effort required to raise a load of 465 lbs. was 111*5 lbs. 
When the effort was reduced to 68*5 lbs., the load just ran 
down. Find how much of the effort was used in overcoming 
friction. Find, by the principle of work, the weight of the 
lower block. 


12. If the load raised by the system in Qu. Q is W, and the 
weight of the lower block is w , prove that the efficiency of 

. 7w(i-a)«> 

the machine is ■■ ^ 
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Archimedes’ System. . . .. 

In this system we have one fixed pulley and a senes of movable 

pulleys, each having a separate string, one end of winch - fastened 
L the beam and the other end to the next pulley above. 

If the load ascends a distance z, prove that when there are three 
movable pulleys the eSurt will descend a d,stance 8x. 




If an effort P just lift, a load W, we have efficiency - 
If the weight of each pulley is w, the total work done, 

W X + w.x + u'. 2z+u».4z=*(W + 7u>). 


friction, is 


W 

8P‘ 

excluding 


Neglecting friction, 


P( 8r)= (W+7 «•)■*-, 

SP ■= W+7«?. 

""The portion of the effort required to overcome friction may bo 
found in the same manner as in *’j'J', , ay bo found by 

“ -— 

friction. 
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For the bottom pulley 2Tj=W+u;. 

For the next pulley, which is pulled downwards by the string 
whose tension is T,, we have 



2T 2 =T,+u>. 

Similarly, 2T 3 =T 2 +u; 

and T 3 = P. 

Hence 8P=W+7u>. 

The following results were obtained from a system 
of this kind with three movable pulleys: 


Load W t 

G3 

113 , 

153 

213 

2G3 grams. 

Effort P, • 

32 j 

39 

4G 

55 

64 grams. 


Calculate the efficiency in each vase. 

The weight of each movable pulley was u>=20 grams. 

Calculate the effort required to overcome friction for each load. 
The effort required when 113 was on the point of descending was 
24. Hence find the frictional force for this load. 


EXAMPLES VII. 

1. An ordinary block and tackle has two pulleys in each 
block. If the system were frictionless and the pulleys of 
negligible weight, what force would have to be exerted to lift 
a load of 400 lbs. ? If the efficiency of the system is actually 
0 4, find the force required to lift a'load of 400 lbs. 

2. The law connecting the effort P lbs. and the load W lbs. 
in a lifting tackle is given bv the equation P = 0-052W+ 2-4. 
1 lot the graph of this equation, and read of! the value of P 

when W = 140 and 460. Find the efficiency in each case if 
the velocity ratio is 20 . 

3 In a pulley tackle the velocity ratio is 8 . and the friction 

Z f„n taCkl 7 S T h ' -7 0nIy , 55 % of the effort applied is 
usefully employed in lifting the weight. Find what effort 

would have to be exerted to raise a load of ■] ton. 

4. Find the velocity ratio of the system shown in Fi^. 47 
It is found that a force of 27 lbs. raises a load of 10 lbs”and 
that a force of 78 lbs. raises a load of 80 lbs. Find the efficiency 
in each case. If P = aW + h, find the law of the machine. 7 
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5. Find the velocity ratio of the system of pulleys kn own 
as the Barton (see Fig. 48). 



M 

i 

m 

i 


y «ip 

5 

l 

a 


l M 

1! 

i 

> 
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If the weight of the movable pullevs 

Wh lf a fe°f[ort W o! OoTbs. ralaea a toad of 1 mvt., had the efficiency 

of the system. .. 

8 A machine is constructed so that a load of W lbs. can 

8. The following table ^- 0 .^ 
and the effort in the Archimedes system 

pulleys: 


Load, 

262 

362 

412 

402 

512 grams. 

Effort, - 

02 

1 74 | 82 1 89 

97 grams. 

r f il.« ^ 


Find the efficiency in each case ana when the 

412 g?ams,°i f f each pulley weighed 20 grams. 
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The Weston Differential Pulley. 

The upper block A of this system has two grooves side 
by side, one of which has a slightly greater radius than the 



Fig. jo. 




other. The rims are recessed so that the chain cannot slip 
round them. 

An endless chain passes round the rims of the upper 
block and round a pulley B, in the manner shown by the 
figure. 
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Suppose the greater radius of the upper block to be x 
and the smaller y ; then, if the block be turned through a 
radian, a length x of chain will be wound up, and at the 
same time a length ?/ will be let down. 

altogether a length x-y will be wound up. 

.x-y 

the lower pulley rises a distance - _y~. 


Meanwhile P descends a distance x. 

work done on the machine =Px. 

W (x-y). 

Useful work done by the machine-- 2 - » 

w(.r - y) 

efficiency — 


and 


velocity ratio- 


“2Px 

X 'lx 

X -y c-y 
) 


14 


If x — 1 in. and y = H in., this becomes y =56, so that 
P must descend 56 in. for W to rise 1 in. 

If c is the efficiency, we have 


w(x-.y) 

2xe 


Therefore, for a given load, P diminishea as x-; y de” 
so that x and y are made very nearly equal. Why they 

not made exactly equal ? 


Overhauling. 

When a maehine is used for raising heavy weights ,t .8 
important, in order to avoid accident, that w hen th. effort 
is removed the load should not run back or take c ha g . 
If thTshould happen, the machine is sa.d to overhaul. 
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It can be shown that if the efficiency of a machine is less 
than 50 %, it will not overhaul. 

Suppose the work done by the effort to be 100 ft.-lbs. 
If the efficiency of the machine were 40 %, the useful work 
done would be 40 ft.-lbs., so that 60 ft.-lbs. would be required 
to overcome friction, etc. If the effort were removed, there 
would be some diminution of friction, but with heavy loads 
and in machines with a large velocity ratio, the effort is 
small compared with the load. It follows that, since nearly 
60 ft.-lbs. of work must be done against friction, the work 
which the load can do in returning to its original position, i.e. 
40 ft.-lbs., will be inadequate for the purpose, so that the 
load will be unable to run down. 

The efficiency of the Weston pulley is usually less than 
50 %, and its utility is due to this fact and to its large 
velocity ratio. 

Wheel and Axle. 

This machine, which is used for raising weights a con¬ 
siderable distance, consists of a wheel and an axle which 



•au. oi. 
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rotate together round the same axis. A force P, applied 
to a rope coiled round the wheel, raises a weight W fastened 
to a rope coiled in the opposite direction round an axle. 

If the radius of the wheel is a and the radius of the axle 

, , i- • w6 

b , show that the efficiency of the machine is —. 
Differential Wheel and Axle. 

If a considerable weight is to be lifted by a small effort, 
the radius of the wheel would have to be inconveniently 
large, or the radius of the axle too small for safety. In 
this case the axle is made of two parts, having different 
radii, and the rope supporting the pulley to which the 
load is fastened, is wound up on the larger axle, while it 

unwinds on the smaller. 



If the radius of the wheel is a, the radius oi larger axle 
b and the radius of the smaller axle c, prove tnat the 

. w(6 - 1 ) 

efficiency of the machine is 
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Inclined Plane. 

If a weight of P lbs. hanging vertically is required to 

support a load of W lbs., on an inclined plane whose length 

B 



is l and height h, then, if W is pulled the length of the 
plane, the distance moved by W in the vertical direction 

* 8 work done on W = W/i. 

Meanwhile P has descended a distance l. 

work done by P = /P. 

If friction is neglected, we have 

W h=Pl or ^ = 7 . 

P It 

If the plane is smooth, there is no frictional force along 
its surface AB, and the pressure of the plane on the weight 
will be entirely at right angles to AB. Therefore this 
pressure does no work, since the motion of the body is 
always at right angles to the direction of this force. 

EXAMPLES VIII. 

1. The radii of the sheaves in a Weston pulley block are 
6 in. and 5A in. ; find what load could be supported by an 
effort of 20 lbs. if the efficiency is 45 °/. 

2. How many revolutions of tho sheaves in Qu. 1 will be 
required to raise the load 1 ft. ? 
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8 The radii of the sheaves in a Weston nuUev block are 
7 in', and 8 in. ; find the efficiency of the machine if a load of 
15 cwts. is raised bv an effort of 2 cut. ^ 

SHSraS: 

SSS.W.i. . »■ • - • 

parallel to the line of greatest slope. 

». a .i * “ “32 MS. STiJSS 

raise a load of 150 kg. in 5 complete turns. 

9. In a Weston diflerentml pulle^ >* 19 ",“ e j throup h ; if 
«r«l that-- ££ in the u/por block is 6 ,n„ 
find the radius of the other sheave. 

10. Draw an end on view of a “^/between P and 

w: n^SnglriTtiot Find, by the principle of moments, 

the relation between P and W m a ^-^ 

differential wheel and axle. S . 

Cog Wheels. ( A 

If a pair of cog wheels are placed \ r 

so that the teeth of one can act in 
the spaces between the teeth of the 


FlO. 6«. 
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other, the wheels are said to be in gear, and if one is rotated 
the other will rotate in the opposite direction. 

If A has 20 teeth and B has 10 teeth, then B will have 
made two revolutions when A has made one. 


The Winch. 

The double handle of the winch rotates with a small 
toothed wheel A, geared to a larger wheel B. This wheel 
rotates on the same axis as the barrel C, on which is coiled 
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A force P acts tangentially to the path of each handle at 
the end of an arm whose length is a. If A has 10 teeth, 
B 40 teeth and the radius of the barrel is b, prove that the 
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The Screw. , .. » 

On a rectangular sheet of paper ABCD, draw a diagonal 

AC. Fold the paper into a cylinder, so that CB coincides 

with DA. We now have a model of a screw, of which the 

line AC is the thread. 
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If the screw makes one revolution through the nut in 
lu works, it will he seen that the distance the screw 

moves parallel to its axis is equal to AB ' 

distance between the threads, measured paraUe to 
of the screw, is called the pitch (p) of the screw. 



FIO. 58. 


K • it » 

arm of length a, as in a le P ^ sinc(! the 

"in the direction of its line of action 

is 2-rra. 
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If the average total resistance to the plate at the end Oi 
the screw be R, the work done by the screw in one revolution 
will be R p. 


the efficiency of the machine is 


47raP 



EXAMPLES IX. 

1. The pitch of a screw-jack is 4 in. and the effort is applied 
tangentially to an arm 2 ft. long, measured from the axis of 
the screw. Find the efficiency of the jack if it requires an 
effort of 15 lbs. to lift a load of 4 ton. 

2. If the pitch of a screw-jack is 4 in. and the lever arm 
20 in. long, find what force is required to raise 2 tons if 60 % 
of the work expended is lost in friction. 

3. In a copying press the handle is 8 in. long on each side 
of the axis. If the pitch of the screw is \ in., find the pressure 
caused by a force of 2 lbs. applied tangentially to each end of 
the handle, supposing friction neglected. What would be the 
pressure produced if the efficiency is 60 % ? 

4. A rack and pinion used for raising a sluice gate consist, 
of a toothed wheel working in contact with the teeth oi a 
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vertical bar called the rack. The wheel, whose diameter w 
0 in., is rotated by a force applied tangentially to an arm 2 

long. If the weight of the gate ^ in over- 

force necessary to raise tne gate 11 ^ / 0 

coining friction. 

c A w : nc h ; s turned by two handles at the end of arms 

16 in. long. The small cog has 10 ^ V the efficienc^ 
60 teeth The diameter of the barrel is 8 in. It tne emcieu > 

of the machine is 40 %, find the force required to raise ton. 
having^s^xThreadsTo t,“ iST A*f ojJT ^ 

of the energy is lost. 

7. The following results were obtained in an experiment 

■ 1 


P Effort, 

12 0 

13 8 

15-7 

176 | 

19 6 

W Load, 

100 

120 

140 

ICO 1 

180 


200 lbs. 


Find, from a diagram, the values ox a uuu * 
the equation W=a+&P- . 

8. A screw moves a slide at the rate of 25 ft. per — 
if the screw makes 200 revolutions per minute, Una 

pitch must be. , . , n 

9. Prove that, if a man who -"^’Lmwbol^.mm 

weight uses a lever 3 ft. long « 8 . jf ^j je num bcr of 

diameter, he will be likely to >rea breaking tension of 

“ ££» >" L . 

10. In the ordinary screw ^”4'“7E 

5 £d witf/what°force the 
wt. is applied at the end of the arm find " n 
carriages are pulled together, neglecting friction. 

U. A bicyclist.exerts a 
on the pedal, at right angles to the cran* 
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If the diameter of the chain wheel is 10 in., find the pull on 
the chain. 

12. During one revolution of the pedals of a bicycle the 
machine moves forward the same distance as a wheel in one 
revolution whose diameter is g inches ; g is called the gear of 
the bicycle. If the length of the crank is 7 in., find the velocity 
ratio of a bicycle whose gear is 70. 

13. The pedal wheel of a bicycle has 56 cogs. This wheel is 
connected by a chain to a wheel with 18 cogs, which rotates 
with a driving wheel 26 in. in diameter. Find the velocity 
ratio and the gear of the bicycle, if the crank is 7 in. long. 

14. If a couple whose moment is C lbs.-ft. rotates a body 
through an angle 9 radians, prove that the work done by the 
couple is CO ft.-lbs. 


Laboratory Experiments. 

1. Carry out the experiments on machines as described in the 
text, pp. 44-64. 

2. By means of a fixed pulley, cord and pulley shackle, construct 
a lifting appliance in which the pulley shackle is supported by two 
parts of the cord which are nearly parallel. 

Sketch the arrangement. 

Suspend a weight W from the hook of the pulley shackle. Attach 
a spring balance to the free end of the cord, and note its reading 
(S) as its ring or hook is pulled steadily by the hand to raise W 
slowly. 

Repeat with eight other values of W, and finally replaco W by 
in unknown load, observing the corresponding valuo of S 

Tabulate your observations. 

Oive a graph coordinating W and S, and deduce an equation 
connecting them. 

Read from the graph the weight of the unknown load, and also 
deduce it from the equation. (Army.) 


CHAPTER III. 


TRIANGLE OF FORCES. PARALLELOGRAM OF 

FORCES. 

Graphical Representation of a Force. 

In order to specify a force completely we must know 
(I) Its magnitude. (2) Its direction. 

If we are considering the rigid body on which it acts, 

we must also know 

(3) Its point of application. 

These requirements are eatished if we 

graphically by a straight line_ 



according to some scale. Thus 40 lbs. wt«» be: repre¬ 
sented by a line 4 cns. long on tbe scale 1cm. = » lbs.*L 

The direction of the line represents the lm 

the force ; this is shown by an -owhead or^y the let ■ * 

AB denoting the direction A to B, an vv 

direction. 
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One end of the line represents the point of application 
of the force. 

It has been shown experimentally that the equilibrant 
of a system of parallel forces, acting vertically downwards, 
is a force equal to their sum, acting vertically upwards. 



If a weight W is supported by two strings, fastened to 
spring balances, pulling in opposite ways, so that they are 
nearly horizontal, it will be seen that the pull on either 
balance is much greater than the weight to be raised. 

We require now to find a method of determining the 
equilibrant of two forces, acting at a point, when the forces 
make a given angle with one another. 

Vector Addition. 

If from A, I move 5 miles due East to B, my displace¬ 
ment can be completely represented by a straight line AB. 
It can be drawn to some scale to represent the distance; 



the direction of motion can be represented by the direction 
of the line drawn with an arrowhead ; and the final and 
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initial positions are represented by the extremities of the 
line. If I now go 3 miles N.E. to C, my new displacement 

is represented by BC. 

The final result of ray journey is the same as if I had 
moved directly from A to C along the line AC, whose length 
will indicate the distance in this direction, which is equiva¬ 
lent to the other two displacements. 

In order to specify my displacement from A to B and 
from B to C, it is necessary to state two facts : (1) the 
magnitude of the displacement, and (2) the direction. This 
information would also be required in specifying a velocity, 
or a force, whereas an area or a temperature would require 
merely a number. Quantities which involve both magni¬ 
tude and direction are called vector quantities. 

In the case of the displacements illustrated above, we 
represent the fact that the displacement AC is equivalent 
to the two displacements AB and BC by the notation 

AB + BC = AC. 

The arrow is drawn over the displacements to show that 
they are vectors, and the operation represented by the 

statement AB + BC=AC is called vector addition. 

The following experiment shows that the resultant of two 
forces acting at a point, which are not paralle 1 to one 

another, is given by a similar construction. 

Experiment 1. Clamp two dynamometers to a board as 
in the diagram, or support them in retort stands, and fasten 
to them two strings knotted at A, where a third string 

supports a weight W. . 

On the board draw a line from a in the direction of the 
force T,. Mark off a distance AB representing the magni¬ 
tude of the forceT,, as shown by the dynamometer, on some 
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convenient scale, say 1 cm. a 10 grams wt. Through B 
draw BC parallel to the direction of the force T 2 , and of 
such length as represents the force T 2 on the same scale as 
before. 

If CA be joined, we shall find that its length represents 
the magnitude of the force W, and that its direction is 



vertical, so that it represents the equilibrant of T x and 
in magnitude and direction. 

Any triangle whose sides are parallel to the sides of ABC 
will represent equally well the direction of the three forces, 
and also their magnitude, though on a different scale. 

The theorem known as the Triangle of Forces is thus 
enunciated : 


triangle of forces 


If three forces acting at a point are in equilibrium, they may 

dimwit ude and direction (butnot mpomt 
of application) by the sides of a triangle taken in order 
Staff si£s J drawn parallel to the three given forces. 

3y «taken in order ’ is meant that the sides of the tri¬ 
angle must be traversed in the order AB, BC, CA, or AC, CB. 


c 



Fig. 64. 


BA It is obvious that the forces represented by AB BC, 
AC would not be in equilibrium, if they acted at a point O. 


The experiment we have per¬ 
formed has shown approximately 
that this result is true in one case 
the general proof of the theorem 
is best deduced from dynamical 
principles, and must be postponed. 


C 




& 


FI0.6S 
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Since the force represented by CA is the equilibrant of 
che forces T, and T 2 , if they act at a point, it is clear that 
if we substituted one single force for the two forces Tj 
and T 2 , this single force would be equal to the equilibrant 
of Tj and T 2 , but it would act in the opposite direction. 

Therefore the resultant of T l and T 2 , if they act at a point, 
is represented, in magnitude and direction, by AC; that 


is to say, 


AB + BC = AC. 


Experiment 2. A string is fastened to a spring balance B 
and to the end of a light rod CA; a weight W of 1 Kg. 



hangs from A. This apparatus represents a evane CA is 
called a strut and AB is called the tie. 
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To find the direction of the thrust at A exerted by the 
rod CA. 

Consider the equilibrium of the rod CA 

If w is considerable, the weight of the rod may be 
neglected, and it is then in equilibrium under a force (P) at 
C and the resultant (R) of T and W at A, that is to say under 
two forces only, P and R, which, therefore, act along! AC 
in opposite directions. Therefore the thrust of the rod at 
A must equal R, and will be in the direction CA. 

Now, consider the forces at A; they are . 

(1) A tension T along AB. (2) The %\eigi 

(31 The thrust of the rod CA along CA. 

V / 1 1 _ „ ...M 



/ 

R 



The triangle ABC has its 

forces. Therefore, if BCreprese^^ ^ ^ ^ 

:iaT n : n of the spring balance. 

:rnds ba the n :;rin e C 'the“hrust of the rod may be measured 

tSiaSSag&»* tat-** 
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T and W this particle would move. It is kept at reat by the measure 
of the rod CA, so that the resultant of T and W must act along the 
line AC. 

Example 1. A weight of 50 lbs. is supported by two strings 
AO 5 ft. and OB 8 ft., fastened to two points A and B in the 
same horizontal line, 10 ft. apart. To find the tensions in 
the strings. 

Draw the diagram to scale 1 ft. = 1 cm. The point O is 
in equilibrium under the action of three forces. along OB, 
T 2 along OA and 50 lbs. vertically downwards. Therefore we 
can draw the triangle of forces OMN. Scale 1 cm. = 5 lbs. 



Mark off OM = 10 cms. to represent 50 lbs. 
Produce AO to meet MN drawn parallel to OB. 
MN=6-2cms; Tj = 31 lbs. 

NO =8-7 cms.; .\ T 2 ^43-5 lbs. 


TRIANGLE OF FORCES 7j 

Ft ample 2 A weight is attached to a smooth ring, which 

sLg whl ends are = d f ^ r & a 

s££ two parts ot 11 

Wi Lt XV? --on in the stnng wU, be 

. 1 J 



B 


Fio. m 

The point C is 

forces ; T along CA, T along ight of the ring and corn* 

If we draw CM to represent the^ej ^ ^ tfiangle CMN 

plete the triangle of forces, > ■ ^ re csent equal forces T. 

rep T r n S b C y B MN CA ;J NC h nlso n,a k e e.ua. angles with the 
vertical. 

EXAMPLES X. 

a .i»ibAj 

s i Si'“S d £“_=“ - -p- 
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2. A weight W is supported by two strings A B, AC in a 
vertical plane. AB is fastened to a nail at B and makes 40° 
with the vertical; AC passes over a pulley at C and supports 
a weight of 15 lbs. If AC makes 50° with the vertical, find W. 

3. A weight of 50 lbs. hangs by a long rope from a point A. 
A string is fastened to this rope at B, 12 ft. from A, and is 
pulled horizontally by a force P, until B is 5 ft. from the vertical 
through A. Find the force P required to keep B in this position. 

4. A weight of 20 lbs. is supported in a vertical plane by 
two forces of 12 lb9. and 15 lbs. Find the angles these forces 
must make with the vertical. 

5. A rope 5 ft. long, which will not lift a weight of more than 
50 lbs., is tied to two points on the same horizontal line 3 ft. 
apart. Find the greatest weight that can be fastened to the 
middle of the rope in this position without breaking it. 

6. A rope AB, 5 ft. long, is fastened to a point A and carries 
a weight of 20 lbs. at B. The weight is pulled to one side by 
a force P at B, so that AB makes 30° with the vertical. Find 
graphically, on one diagram, the value of P when its direction 
makes angles of 50°, 70°, 90°, 110°, 130° with AB. 

For what direction is P a minimum ? 

7. The vertical pole of a jib crane is 20 ft. long, the strut 
is 30 ft. and the tie 25 ft. Find the forces exerted by the 
strut and the tie if the weight supported is 1 ton. Neglect 
the weight of the strut. 

8. A force of 20 lbs. acts at 20° to the horizontal. Find 
what horizontal and vertical forces would be required to 
balance it. 

9. Two rafters AB, BC, each 20 ft. long, are fastened to the 
tops of two walls at A and C, on the same level, 36 ft. apart. 
If a vertical force of 1 cwt. acts downwards at B, find the 
additional thrust in the rafters and the horizontal pressures 
exerted at A and C. 

10. A load of 3 cwt. is suspended from a point A by a rope. 
If a force is applied to the rope 10 ft. from A, find the least 
value of this force which will keep the load 4 ft. from the 
vertical through A. 
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11 The strut of a jib crane is 18 ft long and the tie, U ft 
is fastened to the upright, 12 ft. above the bottom of the 
strut If the strut cannot support a greater thrust than 
1 cwt., find what load on the crane will make the strut 

break. 

12 One end of a long string is tied to a horizontal beam at 

horizontal. 

13, A fight^honaontal rod .jc 3 «. long, ^hinged a^A. 
and the tension in AC. 

5WK £ tSSLVSi tfilTA »... 

vertical and the tension in the stung. 

15 A triangular■ f ra«wor k 

lengths are AB 12 ft., BC 8 i ., smooth horizontal 

surface,'find bo produced in AB if a vertical 

pressure of 1 cwt. is applied at • 

16. A BCD is a rope fe»ten«l to *!■«"»' weight "of 

D. When a weight of 12 los. • b w j t h AD, BC is 
W lbs. at C, the part AB of the rope k 0 ^ ^ ^ 

25° below the horizontal througn u, m 
to the vertical. FindW. 

N B _Draw the triangles of forces for the po.nts B and C, so 

that’ the same lino represents the tension in BC. 

», * ab. (or. qo. 

IfCD in it B given that the tension in AB » 

6 cwt. 
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Parallelogram of Forces. 

If in Fig. 71 we complete the parallelogram ABCD, then, 
since AD is equal and parallel to BC, it represents the magni¬ 
tude and direction of T 2 , so that AC, which represents the 
resultant of T, and T 2 , is the diagonal of the parallelogram, 
of which the lines representing T x and T 2 form adjacent sides. 


C 



This is the original form of the theorem which is known 
as the Parallelogram of Forces. It may be enunciated thus : 

If two forces, acting at a point, be represented in 
magnitude and direction by the two adjacent sides of a 
parallelogram drawn from the point, their resultant is 
represented on the same scale, both in magnitude and 
direction, by the diagonal of the parallelogram drawn from 
the point. 
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If the two forces T, and r 2 are nearly opposite, a slight 
error in their direction would make a cons.derable error n 
the magnitude of the resultant. In such a case the 
R is more accurately obtained by calculation. 


Results by Calculation. 

The resultant of two forces P and a. -^ ** * ££* 
and inclined to one another at an angle «, may be 

“•des OA. OB of the parallelogram OACB represent 

in magnitude and direction the forces P and Q acttr g 
O, then the diagonal OC represents them resultant R. 



Draw CM perpendicular to OA. 

Then CM - AC sin « and AM = Ac cos « ; 

• OC 2 = (OA + AC cos «)” + ( AC bin “) 

= OA 2 + AC 2 +20A. AC. COS a, 

r2= P 2 + q= +2PQcosa, 

sinee the forces P, a. R are proportional respectively to the 

lengths OA, OB(AC), OC. 

Otherwise, by trigonometry, A 

OC 2 ^OA 2 + AC 2 -20A.ACcosOAC 

= OA 2 + AC 2 - 20A . AC cos (180 - a) 

= OA* + AC 2 + 20A . AC cos a. 
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The angle 0, between P and the resultant H is g : .ven by 

MC AC sin g Qsin a 

ten ^ = OM ~~ OA + AC cos a P + Q cos a 

If P and Q are at right angles, we have 

r 2 = P 2 + Q 2 . 


EXAMPLES XI. 

1. Find the resultant of two forces of 5 lbs. wt. and 10 lbs. 
wt., acting at a point at right angles to one another. 

2. Find the resultant of two forces of 12 lbs. wt. and 8 lbs. 
wt. inclined to one another (i) at 80° ; (ii) at 120°. 

3. Two forces inclined to one another at an angle of 50 
have a resultant of 8 lbs. wt. If one force is 5 lbs. wt., find the 
other. 

4. Two equal forces inclined to one another at 60°, act at 
a point and are kept in equilibrium by a third force of 8 lbs. 
wt. Find the two equal forces. 

5. The pull in each part of the string which passes over a 
nail and supports a picture is 1 lb. wt. If the two parts of 
the string are inclined to one another at 45°, find the resultant 
pull on the nail. What is the weight of the picture ? 

6. ABCD is a parallelogram. Forces act at B along AB and 
BC. proportional to the lengths of these lines. Which diagonal 
of the parallelogram represents the magnitude of the resultant ? 
Explain your answer. 

7. ABCD is a square of side 1 ft. It lies on a table, and can 
burn in a horizontal plane round a pin at A. If it is pushed 
with a force of 1 lb. wt. along BA, and pulled with a forco of 
2 lbs. wt. along AD, find the magnitude and direction of the 
resultant force on the pin. 

8. Two unequal forces inclined to one another at 70° have 
a resultant of 10 lbs. wt., which makes an angle of 30° with one 
of the forces Find the two forces. 

9. Two equal light rods AB, AC are hinged at A, and placed 
in a vertical plane, with B and C hinged to two points in a 
horizontal line. If the rods are inclined to one another at 
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175° find what thrust will be produced along each of them 
if a’vertical force of 10 lbs. wt. is applied at A. 

10. The breaking tension of a brass wire is 3*4 xlO 6 grams 
per sq cm. One end of the wire is securely fastened, a smooth 
ring carrying 5 Kg is threaded on the wire and the other end 
is then pulled. Find the angle between the two parts of the 
wire when it breaks, if the diameter of the wire is 1 mm. 

Resolution of Forces 

The figure represents a railway wagon being pulled along 
the line by a horse at the side of the line The rope is 
inclined at an angle a to the direction in which the wagon 
moves, and P represents the pull of the rope. If the angle a 



were 90° the pull of the rope would not move the wagon 

forward at all but would tend to pull it over slde '™^ 
and it is clear that the horse would pull with most effect 

if he walked between the rails. 

Suppose C to be 30” and P to be 50 lbs.: we requ.re o find 

how much of the force P is effective in movin 0,e wagon- 



and draw BC perpendicular to thedir^Uonm which the 
wagon moves. Complete the rectangle ACBD. 


r. 8. 
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By the parallelogram of forces we know that AB repre¬ 
sents the resultant of two forces, which are represented in 
magnitude and direction by AC and AD, so that we can let 
these two forces take the place of P. The force AD pulls 
the wagon sideways against the rails, while the force AC 
drags the wagon forward. If AB represents 50 lbs., we see 
that AC represents 50 cos 30°, and AD 50 sin 30°. 

The effective pull of the horse when a is 30° is therefore 

50 cos 30° = 25%/3 lbs. 


EXAMPLES XII. 


1. A heavy ring hanging on a horizontal rod is pulled along 
the rod by a string inclined at 20° to the rod. If the tension 
in the string is 4 lbs., find how much of this force is effective 
in moving the ring. 

2. A boy pulls a sledge along the road with uniform velocity 
by means of a rope over his shoulder. If the pull in the rope 
is 30 lbs. when it is inclined at 60° to the ground, find the force 
that is effective in moving the sledge forward. 

3. A barge is being towed along a river by a rope 30 ft. 
long. If the boat is 10 ft. from the path, and the rope is pulled 
with a force oi 30 lbs. wt., find the force which resists the 
motion of the boat through the water. 

4. If the resistance to the motion of the boat in Qu. 3 were 
50 lbs., find with what force the rope would have to be pulled. 

5. If the length of the tow rope were increased to 50 ft., 
find what forco would then be required to move the barge in 
Qu. 3. Explain why it is easier to tow a boat with a long rope 
than with a short one. 


6. Two strings are fastened to a ring on a smooth rod, so 
that it is pulled in opposite directions. If one string, which is 
inclined to the rod at 20°, is pulled with a force of 10 lbs. wt., 
with what force must the other be pulled to keep the ring at 
rest if this string is inclined to the rod at 40° ? 
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and the'porJbr^n whe^e jSii -angl^of 

Zta h: e ve V bX"t^ X?f .he rope- had bee,, pulled 
horizontally ? 

8. A picture is hung up by a string 3 ft long, 

a nail and fastened to two rmg^ P rtica , lanc an d the 

level, 2 ft. apart. 1 ‘J'f"^'“pat the tension would have 
“‘hearingtad been'cut in half, and each part fastened 
to a nail so as to be vertical. 

9. In the first part of Qu. 8, find the pressure the stnng 

produces on the nail. : n /.lin*d 

10. A body weighing 

at 20° to the horizontal. ' . together would be 

plane, the other at right angl t, Hence g find the ma gni- 

Sd“ IricXTfolce which ^preventing the body front 
sliding down the plane. 

The operation of hive 

rx sxt: x u , caned 



Hone *,«». 

resolved part in this direct,on ,s Pcosu, and 
direction P sin a. 
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If a is obtuse, the resolved part, Pcosa, in the direction 
OA will be negative, showing that this force acts in the 
direction OA'. 



It will now be clear that the pressure exerted by a smooth 
surface on a body in contact with it will be in a direction 
at right angles to the surface. 

If a body of weight W is placed on a smooth inclined 
plane, the pressure of the plane must be entirely in the 
direction ON. 

Suppose the pressure to be along OR ; then this force may 
be resolved into two components, one along the plane OP 



and the other at right angles to it along ON. But, since 

the plane is smooth, it can exert no frictional force such as 

OP. Therefore the pressure must be entirely at right angles 
to the surface. 



PARALLELOGRAM OF FORCES 


85 


Work. , i 

In Chapter II., p. 41, it was pointed out that the work 

done by a force P, while its point of appl.catmn moves from 
A to B, is measured by P(AC), and not by P(AB). 

B 



J C 


Resolve P into two components, one Pros a along AB 

and the other P sin a at right angles to • 

The work done by the component P cos a w>U 

Pcosa(AB), while the work done ? “ “ f the total 

since P sin a is at right angles to AB Tberclore 

work done is P cos «(AB) =P(AB cos «) =P • AC. 

Example. A ring at A, ^ re | 0 ^ > m “^ n e „°a n a angle B a with the 
SJ Ul T d o b iid the woA done in moving the ring from A to B. 



Resolve P into two components 
Psin a at right angles to the rod. 

Then the work done by Pcos 
work done by Psin a is zero. 


I 

a 


p cos a along the rod and 
is Pcosa(AB), while the 
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Sailing into the Wind. 

By resolving the force due to the pressure of the wind we 
can show how it is possible for a boat to sail in the direction 
AB when the wind is blowing in the direction CO. Let 
DOE represent the sail. The pressure on the sail caused by 



the wind will be approximately at right angles to the 

surface of the sail. Let this be represented by a length 

FO. Now, resolve the force FO into two components, KO 

along AB and GO perpendicular to it. The force represented 

by KO will drive the boat in the direction AB, the other 

force GO tends to produce leeway, which is to some extent 

counteracted by the pressure of the water on the deep 
keel. 


Example 1. A body of weight W is supported on a smooth 
plane inclined at a to the horizontal by a force P parallel to 
the line of greatest slope. Find the magnitude of P 

Since the plane is smooth, the pressure N of the plane on 

the body is entirely at right angles to the surface, i.e. normal 
to the surface. 
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We may resolve the force W into two components, one 
parallel to the plane, the other at right angles to it. It will be 



clear from the geometry of the figure that the an 6 ,e 
Therefore these two components will be W sin a and W cos a. 



FIG. ft2. 


The three forces originally acting on the body would have 
the same effect as the four forces P and W sm a along the 
plane N and W cos a perpendicular to the plane. 

Since the body is in equilibrium, we have 

p =w sin a and N =W cos a. 

N B —The two directions at right angles, which we select 
for resolving any force, will depend upon the particular cir- 
cumfltancefi of tho problem. 
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If the force P were horizontal in the above case, we should 
not resolve W, but we should resolve N horizontally and 
vertically, since the other forces already act in these directions. 

Prove that in this case P =W tan a, N =W sec a. 

Example 2. A rectangular board ABCD can turn in a vertical 
plane about A. If it weighs 5 lbs., find what force at C, inclined 
at 20° to the horizontal, will keep the edge AB horizontal. 
AB = 3 ft., BC = 2 ft. 



Take moments about A. 

Instead of calculating the length of the perpendicular AE 
drawn from A to the line of action of P, it will be much simpler 
to resolve P into two components, P cos 20° along DC and 
Psin 20° along CB. and then take momenta about A. 

We have P cos 20 (2) + P sin 20 (3) = 5(5); 



15 

4 cos 20 + 6 sin 20 


2 6 lbs. 


EXAMPLES XIII. 

1. Two forces each equal to P act at a point, and their 
resultant also equals P. Find at what angle the forces must act. 

2. Two forces, each equal to P, act at an angle a to one 

another. Prove that the resultant equals 2P cos **, and that 
it bisects the angle between the forces. 
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3- A weight of 

p”°aiS to°'oTroSt required to keep the nog stationary I 

4e,^ iyrwft « £ aX e etffi 

40° to the horizontal. 

5 A weight of 40 lbs. ^lowly drawn up.. ^ $£ 

^ ?F5r gh wb ‘ ch this force 

acta, and calculate the work done by it. 

6 . A horse pulls a wagon along > 

a 3 CX wt'‘tod ho* much work the horse does in mov.ng the 

Xit total pull required of 
9. Find how P* r ** ur * 

xTonHud it: Sj-js 

pole 35 ft. high, and £ e ° ole if the tension in the wire is 
from the bottom of the pole pro( luced on the pole, and 

- — ° f - 

P °U A string stretched to a tension oHO lbs.-^over 

12. A force of 10 lbs. and a force £ «at^pomt. 
Their resultant is 8 lbs. and it makes b 

the 10 lbs. Find the value ot P. 
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13. A weight of 5 lbs. is fastened to a string which passes 
over a Binootn pulley and is held at the other end, so that the 
string on that side of the pulley is horizontal. Find the magni¬ 
tude and direction of the pressure the string produces on the 
pulley. 

14. A block of 8tone rests on a rough horizontal plane, and 
is pulled by a force of 10 lbs. wt. acting at 30° to the hori¬ 
zontal, which just fails to move the block. Find the force 
of friction which is preventing the motion of the block. 

15. A weight of 5 lbs. hangs by a rope from a point A. A 
string is fastened to the rope at B, 3 ft. from A, and is pulled 
horizontally with a force P until the rope makes an angle a 
with the vertical. If T is now the tension of the rope, snow, 
by resolving this force vertically and horizontally, that 

T cos a = 5 and T sin a = P. 

16. A rectangular block of stone, weighing 2 tons, is 5 ft. 
high, and stands on its end, which is 2 ft. square. Find what 
horizontal force, acting at right angles to the highest edge, will 
keep the block in equilibrium when it has turned through 20° 
round its lowest edge. 

Historical Note. 

A special case of the parallelogram of forces (when the two forces 
are at right angles) was discovered by Stevinus (1548-1020), who 
was led to the theorem by an ingenious investigation as to the 
condition of equilibrium for a body on an inclined plane. 

B 


A 


FlQ. 83. 

His argument was as follows: 

An endless uniform chain placed on a smooth inclined plane 
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would remain at rest. The portion below AC could be 
without disturbing the equilibrium of the remainder; hence ™« 
rJight of the portion BC support* the weight of AB on the mcbned 

Pl The weights of these portions of chain are proportional to their 

lengths ; . P _ 

•• Q AB 

He now considers a load Q supported on an inclined plane by a 
weight P hanging over a pulley at B. 



FlO 84. 


He notes that it is not necessary!««'“ 

and supports a weight R, so that 

“Vi:: Uro load a on the plane, and 

draw ho perpendicular to prev.ous result, 

AB’ 

. BC _ac. ? = 

and from similar triangles ab 9 ’ Q- a ) 

ae represents P on the same scale *aab (1042-1727), 

The proposition was first stated correctly by N c « ton 

who deduced it from dynamical coiim< er geometrical 

Daniel Bernoulli (1700-1782) rcsulUnt of two 

demonstration by assuming, as an ^ ^ ang i e ^twoon the 

equal forces at right angles ro 
forces. 
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Triangle of Forces. Lami’s Theorem. 

If three forces P, Q, R acting at a point are in equilibrium, we 
have shown that they may be represented in magnitude and 
direction by the sides of the triangle OAC taken in order. 



Fro. 85. 


Now, by Trigonometry, 

Q A AC _ CO 

sin (OCA) sin COA sin CAO 
But sin OCA = sin BOC = sin BOD = sin QR, 

A A 

since BOC and BOD are supplementary. 

A A A 

Also sin COA = sin AOD = sin PR 

A A _ A 

and sin CAO = sin BOA = sin PQ. 

The sides OA, AC, CO are proportional to the forces P, Q, R; 

P _ Q _ R 
sinQR sin PR sin PQ 

i.e. If three forces acting at a point are in equilibrium, each 
force is proportional to the sine of the angle between the 
other two. 

This theorem was first stated by Father Bernard La mi (1687)- 
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Example. A weight of 20 lba. is supported on a smooth 
plane inclined at a to the horizontal by a force P parallel to 

it exert, no force in tto dtario. 
AB; hence its action is entirely at right angles to its surface. 



FIO. 80 . 


Let N be the normal pressure of the plane on the body The 
b^dy is in equilibrium under the action of three forces ; hence, 

by Lami’s Theorem, 


W 


ue. 


sin (180 - a) ~ sin 90 sin (90 + a) 
p W N . 

sin a 1 cos a 

P = Wsina. N = Wcosa. (See p. 60 and p.87.) 


EXAMPLES XIV. 

Solve graphically or by calculation os is most suitable. 

1. Find, by Lami’s Theorem or othcrwi,,. whet honzonUl 
force will support a weight of j 0 lbs on a i 

inclined at 40° to the horizontal 

MmesxtatiXBrM 

tension in the ropes. . 
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hangs at its middle point, it sags so that the mid point is 0 4 
below its original position. Find the tension in the wire. 

4. Two forces, each equal to 1500 lbs. weight, act at an 
an^le of 160° to one another. Find what force is required to 

maintain equilibrium. 

5 A body weighing 4 lbs. is placed on a smooth plane 
inclined to the horizontal at 30°. A string is fastened to the 
body and to a nail above the top of the inclined plane, so 
that it makes an angle of 20° with the plane, hind the 

tension in this string. 

6. The ends of three rods OA, OB, OC are jointed together 
at O in one plane. 

AOB = 120°, BOC = 100\ COA = 140\ 

If CO is pushed towards O with a force of 10 lbs. wt., find what 
thrusts AO and BO must exert if equilibrium is not destroyed. 

7. The hood of a car is opened by two rods which are jointed 
together—one rod thrusts on the car, the other on the hood. 
lAhe joint is pushed with a force of 10 lbs. wt. when the 
rods are inclined at 160° to one another, find what thrusts 
the rods will exert, assuming these forces to be equal to one 

another. 

8. A cord AB, 14 ft. long, is fastened at A and B to two 
points on the same level 11 ft. apart. A weight of 4 lbs. is 
fastened to the cord at C, 1 ft from A, and a weight of W lbs. 
is also fastened at D, 5 ft. from B. 

If C is 3 ft. below the line AB, find the value of W. 

9. If, in Qu 8, the tension in AC is Tj; in CD, T 2 ; in DB, 
T 3 ; and if these lines make angles a, /3, y respectively with the 
horizontal, prove that 

T x cos a = T 2 cos (3 = T 3 cos y. 

10. A weight of 20 lbs. is supported in a vertical plane by 
two strings AB. AC, fastened to two fixed points B and C, so 
that AB and AC are inclined at 30° and 40° respectively to the 

vertical. < # 

Resolve the forces acting at A in a direction at right angles 

to AB, and hence find the tension in AC. 

Find the tension in AB by a similar method. 


THREE FORCES IN EQUILIBRIUM 


95 


Three Forces acting on a Rigid Body- 

If three forces acting in one plane on a rigid body are to 
equilibrium, their lines of action must meet in a point (or 

^Suppose a flat board lying on a horizontal table to be 
acL upon by two forces P and « at the points A and B. 



them both to act at O, instead of at A and 
This is an axiom from experience, and is 

principle of the Tra ' lsra ' S9 ^‘'^ in 0 ot °o,'is a force passing 
The resultant of P and Q, acting xhorc f ore the 

through O, by the paralle °8 r ““ • through O, and 

equilibrant of P and Q is a in the line of the 

it may be supposed o a t at , ^p si(Jcs repre . 

diagonal of the parallel J force3 are parallel, we have 

sent P and Q. If t"° of is a force parallel 

-7" V 1 w™ - .1 a. 
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The truth of this theorem is otherwise clear from a con¬ 
sideration of the moments of the forces. If P and Q meet 
at O, the moment of each of these forces about O is zero, 
so that if R did not pass through O, its moment about O 
would not be zero, and the body would not be in equili¬ 
brium, under the action of P, Q and R. 


Pressure on the Axle of a Pulley. 

Suppose the cord to be in contact with the surface of the pulley 

along the arc ACB. 

If we neglect the friction at the axle of the pulley, we may assume 
the tension in the cord at A to be the same as at B. 



FlO. 88. 



The portion ACB of the cord in contact with the pulley behaves 
as if it were firmly fixed to the pulley, and may for the instant be 
considered as part of the pulley. This is in equilibrium under the 
action of T at A, T at B, and the pressure of the axle on the pulley. 
These forces must meet at a point. Therefore the action of the 
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axle on the pulley is along OP, and the pressure of the pulley on the 

axle is therefore along PO. (Fig. 88 ; ) 

It is instructive to look upon this in another way. 

*r. s r 

due to the rest of the cord and the pressure of the pulley aio g 
Z arc AC B Let the resultant of these various pressures be R. 
Z: t'heforces T, T and R must ^t a pomt P where 
the tangents intersect. Therefore R acts along OP. 



Therefore the resultantof ^ R, acts on the 

on the surface of the pulley, 
pulley along PO. (Fig. 90.) 

• /> u nnl ar of weight W rests with its 
Example. A uniform boa ® aU and is supported by a 
end A against a smooth vert ’ D m t j ie W all vertically 

string fastened to B, and o P of D if AB makes an angle 
above A. To determine the position oi 

a with the wall. , direction of its pressure N on 

Since the wall is smooth, t m ects the line of 

the board is at right angles to the wall , 

action ofW at O. , , . t i e equilibrium of AB 

w £ be S&3 £«# £ * V* —> 

to the board by a light rigid roa. 


ir.s. 
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The line of action of the tension must, therefore, pass through 
O, and will meet the wall at D, which is thus determined. 



A triangle of forces may now be drawn for the three forces 
acting at O. 


EXAMPLES XV. 

1. A light rod BC, whose weight may be neglected, is 
supported by two unequal strings fastened to its ends B and 
C, and to a point A. A weight is attached to the rod at P. 
Draw figures to show the position of P (1) when BC is hori¬ 
zontal ; (2) when the tensions of the strings are equal. 

2. A uniform rod AB, 4 ft. long, is hinged to a vertical wall 
at A, and is supported in a horizontal position by a string CD 
fastened to the rod at C, 3 ft. from A, and to the wall at D, 
a point 4 ft. above A. If the weight of the rod is 10 lbs., find 
graphically the tension of the string and the magnitude and 
direction of the reaction of the hinge. 

3. A rod AB, 5 ft. long, weighing 5 lbs., is hinged to a wall 
at A, and is pulled by a horizontal force P at B, so that the rod 
makes 40° with the vertical. Find, graphically, the direction 
and magnitude of the pull on the hinge. 
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4 . 4 uniform rod AB rests 

vertical wall at A. and \ u ^ , f rom it. If the rod is 

which is parallel to the wal and 1 *'^ kcsM1 angle of 30* 
in a plane perpendicular to th - len-'th of the rod. 

with the horizontal, find giapi > vertical wall by a 

5. A sphere is hung from a point•■ '* . lf ^ 

string equal in ^“^^“bVpreLu're against the wall and the 
sphere weighs o lbs., nnu F 

direction and tension o \ i ’ weighing 80 lbs., rests 

6. One end of a umfcnm < 1 » f m the ground; the 

against a smooth vertical ns all 1- f ; , wall . Find the 

other end is on the «round, 8 f Jrm Qn the ground, 
magnitude and direction of the iu ^ from a 

7. A rectangular picture, * eighin« 4^ and has its ends 

smooth peg by a cord w n , c f t ] lC picture 20 in. apart, 
fastened to the top honzontal , rc it produces on 

Find the tension in the btiuife 

the peg. . , 0 o iu« Its end A rests against 

8. A rod AB, 3 ft. long, "Supported in a vertical plane so 

a smooth wall, and the rod isjsupi ' a strin g fastened to 

that it makes 30’ with the ho ^ b above A Find, b> 

^ uf ec ' and “ 

the tension of the string. , • d at A , and is kept at 

9. A rod AB, 80 cms. lon^ s j jn thc sa mc vertical 

70° from the vertical by, a J an an{ ,| c of 50° with the vertical, 
plane as the rod, which nn b the action at the lunge 

Find the direction and magnitude 

if the rod weighs 5 js hinj , c d at one end A to 

10. A uniform scat, 4 tt. r’ ■ nta | position by a light 

a beam, and » suppurt-d m ^ 0 , b \. r C11 J of the wet 

rod fastened to a point 0 • 1 A if tt boy, weighing 10 

and to a point 4 ft ". VU,V 0 f the seat, find thc additional tlnubt 
stone, sits at the m.ddliof ^ 

he causes at the hinge . r lKC d smooth hemispheri- 

11. A rod, 2} ft. long, } n * de j£ v 'c th c level of the lowest 

cal bowl with its lower end t on. bowl is 1 J ft., and the 

point of the bowl If the radiu ^ot b ^ ^ q{ ^ ^ 
rim horizontal, find the position ot 
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12. A BCD, a rectangular lamina of weight W, can turn in a 
vertical plane round A, its highest point. The mid point of 
the lower edge CD rests on a smooth peg at E, so that DC makes 
an angle a with the horizontal. If A3 = ? in. and BC = 6 in., 
prove that the reaction at A is along the diagonal and that its 
magnitude is £ W sin a. 

13. A rod AB, whose weight is 54 lbs., is supported by 

ropes AC and BD, 2-2 and 1-7 ft. long, fastened to two points 
C and D in the same horizontal line, 4-8 ft. apart, making 
angles of 55° and 40° respectively with the vertical. Deter¬ 
mine the position of the c. of G. of the rod and the tensions of 
the ropes. (Army.) 

14. A uniform rod AB, weighing 2 lbs., is 8 ft. long and can 
turn freely about A. It is held in a horizontal position by a 
string in a vertical plane fastened to B and inclined at 45° 
to the rod. If a body, weighing 2 lbs., is tied to the rod 6 ft. 
from A, find the tension in the string and the reaction at A. 

15. A uniform plank, 10 ft. long, weighing 40 lbs., has one 
end on the ground and the other resting on a smooth plane 
inclined at 40° to the horizontal, the plank being in the same 
plane as a line of greatest slope of the plane. If the plank 
is inclined at 20° to the horizontal, find the total reaction ol 
the ground on the lower end, and determine how much of this 
is due to friction. 

18. A smooth, thin rod, 14 in. long, weighing 4 oz., hinged 
to a wall at A, can move in a vertical plane perpendicular to 
the wall. A piece of string, 1 ft. long, is tied to a point on the 
wall, 15 in. vertically above A, and a small smooth ring at 
the other end of the string is slipped over the rod. Find the 
position of equilibrium and the magnitude and direction of 
the reaction at the hinge. 

17. AB is a rod, 4 ft. long, which can turn in a vertical 
plane round an axis at its c. of a., 1 ft. from B. Two strings 
OA, OB, each 4 ft. long, are knotted at O, and a weight of 
5 lbs is suspended from O. Find graphically the angle AB 
will make with the horizontal, and find also the tension in 
the strings. 

18. Three rods, AB=3 ft., BC=5 ft., CA = 4 ft., form a 
triangle, loosely jointed at the corners, which lies on a hori- 
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f ntal plane An elastic string i^ned to 

strS/is^lbs 0 wt.? find the magnitude and direction of the 
reactions at A, B and C. 

19 A rigid body is acted npon by three forces which act 
along the sides of' a triangle ABC in the 

CA. If the forces are P^W'‘/“Cive that they are 

of the triangle along ‘Ir 3 ! ^odv will therefore rotate, 

equivalent to a couple and that the o ) 

20. A very small ring is free to ^^"^^^UcVcdby^ 
wire of radius a, fixed in a vertical plane. It » attach^ > 

string of length l (less than N 2 V f ®^ e °the°'vveight of the ring, 
the same height as the centre. If W be 

show that the tension of the string is a j± a z _ J 2 

21. AB and AC are two bgbt rods each 4 ft.^J^es^ 

which can turn in a vertical plane string 

with AB, which is horizontal (C above AB). f A ht™ a a 

joins D, the mid-point of AC, to > j-j w jjj fc ee p 

5 ibs, is hung at B, find the least /°J^. tension 'in ED. 
the rods in the given position, and hnd the tension > 

, i *d oft ion" weighing 50 n>s., 

is fupp A o^ f T a h “e V r y tica7Top A c at B. ai^by — rope. 

LteY ^aUr^^ce at B is 

required to keep the beam in the g» v 1 

N.B .—Most of the questions in Examples HI., I>- 30, may 

■ be solved by the Triangle of Forces. 

Polygon of Forces. . , rpore . 

If any number of forces acting at * osition ) by the 

*• aro in 

"“s P, a, R, etc., acting at C are reputed in 

magnitude and direction hv the sides of the po >6 

taken in order, to prove that the forces are 1. eqn.l.bnnm. 
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By the triangle of forces, since AB represents P and BC 
represents Q, their equilibrant is represented by CA. There¬ 
fore AC represents their resultant. 




The resultant of P, Q and R, acting at a point, is the same 
as the resultant of the forces represented by AC and CD, 
and is therefore AD. 
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Finally, the resultant of the forces of P, Q, R, S, T, acting 
at a point, is represented by the resultant of forces repre¬ 
sented by AD, DE, EA, but these are in equilibrium by the 

triangle of forces. 

When we say that the sides of the polygon must be 
“ taken in order,” we mean that we must travel con¬ 
tinuously round the boundary of the figure, but there is 
no necessity for the forces to be considered in the order 


p, Q, R, etc. 

For instance, the polygon 


ABCDE (Fig. 93) represents the 


forces P, Q, R, etc., in the order P, R, S, Q, T. 

Draw a figure to show that if any polygon were drawn 
with sides parallel to the sides of ABCDE, these sides would 
not necessarily represent the forces P, Q, R, etc. 
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The polygon of forces may be usefully employed to find 
graphically the resvhant of a number of forces acting at a 
point. It is clear that if we were g.ven the forces P, Q, R, S, 
acting at O, their resultant would be represented in magni¬ 
tude and direction by the side AE of the polygon. 
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Results by Calculation. 

The resultant of a number of forces acting at a point may 
be calculated by resolving all the forces in two directions 
at right angles to one another. 

To find the resultant of the forces acting as represented 
in the figure. 



Select any suitable direction OY (generally the direction 
of one of the forces, say the line of action of the 15 lbs. wt.’ 
and another direction OY through O at right angles to OX. 
Resolve all the forces in these two directions. 

The system is equivalent to : 

J5 + 12 cos 70 + 4 cos 80 = 19-8 along OX, 

8 sin 40 + 6 cos 20 = 10-8 „ OX', 

12 sin 70 + 8 cos 40 = 17-3 „ OY, 

6 sin 20 + 4 sin 80 = 5-98 „ OY', 
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that is 9 0 along OX and 114 along OY 
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If B is the resultant of these two forces, we have 

r 2 = (9 0) 2 + (ll'4) 2 =211 ; 

J /J 11 . 

... r -14 5 lbs. Wt. and tan 0 - 9C r 
... 0=51° 48'. 




Bio. 04 (6). 
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EXAMPLES XVL 

1. Find, by calculation and by drawing, the resultant of 
four forces, each equal to 10 lbs. wt., acting at a point O, and 
making angles of 50° with each other. 

2. Three rods, OA, OB, OC, are jointed at O. OA is hori¬ 
zontal, OA makes 50° with OB, and OC makes 60° with OB 
on the other side. If there is a thrust of 20 lbs. wt. along AO, 
and a tension of 15 lbs. in OB and in OC. find the direction 
and magnitude of the lesultant thrust on O. 

3. Two cords, CA 2 ft. and CB 3 ft., are fastened to fixed 
points A and B, 4 ft. apart, in a horizontal line. A weight of 
200 grams hangs from C. If a horizontal force P of 80 grams 
wt. is now applied to C in the direction A to B, find graphically 
the tensioas in CA and CB, and find also what is the greatest 
value of P consistent with the cords remaining taut. 

4. Draw on squared paper a rectangle 10 units by 8. Take 
the longer edge as the X axis, and mark the point O, (3, 2). 
Join this point to the four angular points. Suppose forces 
proportional to these lines to act at O towards the corners, 
and find the magnitude and direction of their equilibrant. 

5. Four forces acting in a plane at a point O are represented 
in magnitude and direction by the lines OA, OB, OC and OD. 

OA =2", OB =3'5*, OC = r2", OD=4\ 

AOB = 15°, AOC = 1)0°, AOD =221°. 

An inch represents 10 lbs. wt. Draw a diagram to scale, and 
from it find the magnitude of the resultant OF and the angle 
AOF. (Army.) 

6. Find graphically, on squared paper, the resultant of 
forces of 20 lbs. wt. E., 23 lbs. wt. S.W. and 17 lbs. wt. 30° 
S. of E., all acting at the same point. What forces N.E. 
and S. will be equivalent to this resultant ? 

7. Three strings, OA, OB, OC, knotted together at O, support 
a weight of 10 lbs. hanging from O. OA is inclined to the 
vertical through O at 30° on the left side, OB and OC on the 
right of this vertical make 50° and 33° respectively with it. 
OC passes over a smooth pulley and supports a weight of 2 lbs. 
Find the tensions in OA and OB. 
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Laboratory Experiments. 

x. Experiment with a crane as given in the text (p. 72). 

2. Clamp a pulley to an edgeof Intel, 

board as an inclined pUno.EO n g <■ t ^ ^ board Fastcn one 

end°te “a 

a slight starting impulse. -Note the 1 l 

pull in the cord when the under which the 

Assume that the ."%* ^itionless, and from this 
trolley would remain at r of tlie board (measure the 

^ran^: — a force diagram and find the weight 

° f Sts thrust of the cord on the pulley. ^ ^ ; 
3. Measure the length of the gi\cn *p g 

(2) when loaded with ISA. - s prop0 rtional to its extension 
Assume that the pull m th 1 8 1 cQ from A an d B by two 

beyond its natural length. ‘ U ‘ S I >( Q . | lori/on ul. Tic a thread 

vertical threads AC and B . so » c an{1 pas9 t ho other end 

to each end of tho spring. as <• t | iat , tllo rod rests horizontally 

through the hook B. I-a.stcn i j vertical, both being taut, 
while AC and BD arc inclined to the Nertica^-- 
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Measure the length of the spring, and t f 0 f orc ea on 

Measure the sides of tho trmng <• • , d that one forco 

the rod. Note that two of ^^^ foAh^e two. Draw ABC to 
parallel to CA might he substituted for these (Army.) 

scale, and find the weight of the rod. 
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MISCELLANEOUS EXAMPLES. 

Chapters I.-HI. 

A. 

1. A string ABC hangs vertically from A and has a weight 
of 7 oz. fastened at B and 4 oz. at*C. Find the tension in the 
parts AB and BC. 

2. A uniform rod weighing 10 lbs. passes through two fixed 
rings and is horizontal. The rings are 3 ft. apart, and the 
lengths of the parts of the rod which project beyond them are 
2 ft. and 11 ft. Find the pressure on each ring. 

3. The arms AB, BC of a light, bent lever, which can turn 
round B in a vertical plane, are at right angles to one another, 
and AB = 2BC. A weight of 18 lbs. is suspended from C and 
12 lbs. from A. Find the angle AB makes with the horizontal 
in the position of equilibrium. 

4. An iron wire, J in. in diameter and 12 ft. long, is securely 
attached to two fixed points on the same level 101 ft. apart. 
What weight suspended at the mid point will break it, if it 
will stand a strain of 75,000 lbs. to the square inch ? 

6. A man weighing 12 stone, standing on the ground, 
supports a weight of 5 cwt. by means of a block and tackle 
which has three sheaves in each block. If the lower block 
weighs 10 lbs., find the pressure the man exerts on the ground 
(neglect friction). 

B. 

1. The arms of a false balance are in the ratio 7 : 8, and the 
weight is put into one scale as often as into the other. Find 
how manv lbs. are gained or lost in each cwt. that is sold in 
separate lbs. 

2. A board A BCD of uniform thickness is free to move on a 
smooth horizontal table about the vertex D, which is attached 
to the table by a smooth vertical pin. AB = 14 in., AC =21 in. 
and AD is parallel to BC. Show that if forces equal to weights 
of 1 lb. and H lb. act respectively along AB and CA, the board 
will not move. 

3. A beam, 15 ft. long, balances at a point one-third of its 
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length from the thicker end, but when a weight of 15 lbs is 
suspended from the other end, the prop must be moved 3 ft 
Swards it, to maintain equilibrium. Find the weight of the 

b T'A light thread passes over two pulleys A and B 1 ft. 
apart, at the same level, and carries a weight ^‘bs.atea 
end, and a weight of 2 lbs. fastened to its mid point Find the 
d'plh below the level of AB at which its mid point will rest. 

5. With a certain machine a load of 1 ton car l* ranged by 

an effort of 300 lbs-, andlO^bs^liftl a lofd of 500 lbs, 
same machine an effort oi iiu • 

find the efficiency. 

X. An equilateral triangu.ar lamina is 

s? @ 

3. Draw two axes OX^OY at g ? n(s A(4 2) B(h B) 

on squared papm-oJornOtOc thc maR „itude and 

direction of three forces acting at O, find their resu^ ^ 

4. In a Weston pulley block the ™ d ^ of v ^ oci ‘ y ratio and 

are 5J in. and G in. respectively. Fmd^ g00 , bs 

the efficiency if a pull of 74 lbs. will rais 

5. A uniform rectangular column - ° ^ghs 3'tons,* find what 

stands on a base 2 ft. square. If >t we fi£ ’ 

horizontal force applied at the top will just 

l ft ui.if...in W... . r, I'.'e ^ t ; 

S2SK? suarssx - «■ - 
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weight must be placed at one end of the beam to make the 
tensions equal. 

2. AB is a light rod turning about its mid point C. AD is 
a heavy uniform rod jointed to AB at A, while D is fastened to 
B by a string BD, so that ADB is a right angle. Draw a figure 
showing the position of equilibrium, and find the direction in 
which the rod AD acts on AB at A. 

3. ABC is a uniform heavy lever, of which B is the fulcrum, 
the arms AB, BC being inclined at 120° to one another. If, 
when the lever is left to itself in a vertical plane, the arm AB 
is horizontal, find the ratio BA : BC. 

4. Find the velocity ratio of a screw-jack in which the pitch 
of the screw is £ in. and the length of the lever to which the 
effort is applied is 2 ft. If the efficiency is 30 %, find what 
force will overcome a resistance of 1500 lbs. 

5. Two smooth inclined planes of the same height are placed 
back to back. A weight of 10 lbs. placed on one whose slope 
is 40° is supported by a string over a pulley at the top fastened 
to a weight W on the other plane. If the slope of this plane 
is 30°, find W. 


E. 

1. A uniform rod AB, 4 ft. long, weighing 1 lb., is placed on 
a table with the end A projecting over the edge. If 4 ozs. 
is hung from A, find how far the rod may project without 
turning over. 

2. AB, CD are two equal light rods which can turn round A 
and C respectively, and are connected by a vertical string PQ. 
A weight of 5 lbs. is placed at D, and the rods are supported 
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in a horizontal position by a vertical force at B. If CQ, = 5 in., 
AP = 12 in., AB =CD = 18 in., find the reactions at A and C, 

and the force at B. 

3. A uniform rod AB, 4 ft. long, rests in a plane at right 
angles to a smooth wall, with one end resting against the wall, 
and it is supported by passing over a smooth rail parallel to 
the wall. If the rod is inclined at 40° to the vertical, find how 
far the rail is from the wall. 

4. A rectangular board ABCD is fixed in a vertical plane 
with its top edge AB horizontal, and four pulleys are fastened 
at the corners AB = 4 ft., AD = 2 ft. O is a point on the 
board 1 ft. from DC and 1 ft. from AD. Four strings passing 
over the pulleys are knotted together at O, and carry weights 
at their other ends. If the string OA carries 5 lbs., and the 
string OB 3 lbs., find the weights carried by OC and OD, when 

O is in equilibrium. 

5. A uniform rod AB, of weight W, hanging by a string 
attached to it at A, is drawn from the vertiea by a force 
acting horizontally on B, and equal to one-thud the weight 
of the rod. Find the tension of the string and the angle which 
it makes with the vertical, when the rod is in the position of 

equilibrium. 


F 


1. Forces of 3, 4, G lbs. wt, act at a point parallel to the 
sides of an equilateral triangle taken in order, rind the 
magnitude of the resultant and the angle it makes with 

the force of 3 lbs. wt. 

2. A uniform heavy rod AB passes under a peg C and over 
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a peg D, 2 It. apart, 
projects 9 ft. beyond D. 


The rod is 15 ft. long, and the end B 
If the rod weighs 40 lbs. and a weight 
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of 10 lbs. is suspended from B, find tbe pressures exerted by 
the pegs. 

3. If a weight W is suspended from A in Qu. 2, find the 
greatest value of W if equilibrium is not to be destroyed. 

4 The diagram represents a stand, of which the base P 
weighs 25 lbs. and the T piece is made of metal rod which 
weighs 1 -7 lbs. to the foot length. The scale of the diagram 13 



P 
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1 cm. to 1 ft. Find the greatest weight which can be hung 
from A without overturning the stand ; and if 25 lbs. more 
than this is hung there, find the least and the greatest weights 
which can be hung from B. (Army.) 

5. Three rods, each 3 ft. long, are freely jointed together 
at their extremities so as to form an equilateral triangle ABC, 
which is placed on a table. An elastic cord DE is fastened to D 
in AB, 1 ft. from A, and to E the mid point of AC. If the tension 
in this cord is 2 lbs. wt., find the force with which the rod AB 
acts on BC at B, and on AC at A. (First consider the equili¬ 
brium of the rod BC.) 

G. 

1. A uniform straight bat AB, 3 ft. long, is bent at right 
angles at C, so that AC is twice BC. The end A rests on a 
smooth peg, and the end B is supported by a vertical string, 
so that AC is horizontal. Find the pressure on the peg and the 
tension in the string if the whole bar weighs 6 lbs 
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2 A uniform beam 'B, 12 ft. long, weighing 120 lbs., rests 

with its lower end B on the ground at the foot of a vertical 

wall BC The other end A is attached by a rope AD to a point 
wau bu. iMoi . bove B if the beam is inclined 

£ t ^ at an a^of'V, find the ~es of the beam 
against the wall and against the ground at B. 

3. To the ends of a string 3 ft long are fastened two ^qual 
spheres, each of radius 1 ft. and weight 5 lbs The string is 
then hung symmetrically over a peg. Find the pressure 

between the spheres. 

4, Find the resultant of the three given forces actmgon 
a rigid body as in the diagram. 



iSS-i i» si sHs, % S 

being in contact. w '‘ h th |“ r “ Z ontal when in equilibrium, 
r nlrtha 8 r^ ==a cos^I'where r is the radius o, the 
bowl. 
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CHAPTER IV. 


FRICTION. 

Experiment 1. Take a well-planed block of wood, with a 
small staple fixed in the centre of one face, attach the dyna¬ 
mometer to the staple, and pull the block along a level table. 
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When the dynamometer pull is 10 grams wt., the block 
probably will not move. 

What force is preventing its motion ? What is its magni¬ 
tude ? In what direction is it acting ? 

Increase the pull to 20 grams wt. ; if the block does not 
move, what is now the force of friction ? 

It will be found that the force of friction varies so as to 
be just sufficient to prevent motion up to a certain maxi¬ 
mum. When the pulling force is greater than this, the 
maximum frictional force is insufficient to prevent motion. 

This limit which friction cannot exceed is called the 
limiting force of friction. 

Take care to adjust the dynamometer for reading in a 
horizontal position. 

Instead of noting the force required to start the block, 
find what force is required just to keep the block moving 


friction 
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with uniform velocity when it is started by the tand. lt 
will be found that this force is less than was obtained before. 

More uniform results are obtained by experimenting with 
surfaces in motion, and it is important to rep»U» ^- 
ment under exactly the same conditions, “ ,n 8 **“ “ 
part of the table, and moving with the gram o. the wood. 
Experiment 2 To determine whether the maximumif 

235 sk srsM- -Hh t 

nXh^or metal, sliding on a paper surface, will 

of friction depends upon the pressure e > 

in contact. KlnrW And the 

We can alter the pressure betw-ecn ^ betwecn 

table by placing weights on the block , P 
the surfaces will then equal the weight of the 

to the additional weight on the block. iment 

The following table gives the results of an exp 

performed with wood on wood : 


Pressure N. 


* * 


»* 


83 grams. 
133 
173 
233 
273 
333 


tl 

99 


Maximum 

Friction F. 


20 grains. 
30 
38 

r.2 

58 
74 


» 9 
* 1 
M 

If 



'24 

-23 

•22 

•22 

•21 

•21 
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If we plot N and F, we find that the points lie approxi¬ 
mately on a straight line, which probably, as in this case, 
does not quite go through the origin. 

It will be seen, however, that if we draw a straight line 
through the origin having as many points on one side as 
on the other, we get a very fair approximation to the truth, 
so that for practical purposes it is sufficiently accurate to 

assume that ^ is a constant for the given surfaces. 

N F 

In this case we may take -=0-22. 

If we experiment with glass on wood, we shall again find 
^ to be approximately a constant, though not the same 
constant as for wood on wood. 

The fraction ^ is usually called n, and the value of /x is 

termed the coefficient of friction. 

Hence Limiting Friction = ^N. 

The value of /1 depends upon the nature of the substances 
in contact and the character of their surfaces ; it will only 
be constant for two given specimens; and values obtained, 
say, for one piece of wood will not necessarily be the same 
for another specimen of the same kind of wood. 

The Laws of Friction may be thus stated : 

(1) Friction acts so as to oppose relative motion. 

(2) The magnitude of the force will vary so as just to 
prevent motion up to a certain maximum value. 

(3) The force is independent of the areas in contact. 

(4) The maximum force of friction for two given surfaces 
is mN, where N is the normal pressure between the surfaces, 
i.e. the pressure at right angles to them. 

N.B .—Laws 3 and 4 are only approximately true. All 
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our experiments have been performed with dry rorfaees; 
the K quite different if lubncants are used and the 
results also depend upon the velocity of the bodies. 

Example. A body weighing 5 lbs. is just P-“Ud f rom 



jgrJS^t V: ^S£" =s 

Sbice & WrSe^of slipping down the plane, 

F will act up the plane. 

2-6 + F = 5 sin 40 ; 

F=5 sin 40-2 6= - 6. 

When the body is on the point of moving up the plane, F 
W Th“efte W Vp e b P e la the force required to move the body up 

the plane, p _ 58in40+F , 10 sin40-2-6.3-8 lbs. 

The normal pressure on the plane is 5 cos 40 . 

F -6 


• 16 . 
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1. A book is lying on the tabie. If the table were moved 
horizontally, what force causes the book to move ? If there 
were no friction between the book and the table, what would 
happen ? 

2. Find what force would be required to keep a body weigh¬ 
ing 50 lbs. moving along a horizontal surface if the coefficient 
of sliding friction were 0-2. 

3. A horizontal force of 10 lbs. wt. will just move a body 
weighing 40 lbs. along a horizontal plane ; find the coefficient 
of friction. 

4. A horizontal force of 2 lbs. wt. will just move a board 
weighing 8 lbs. along a horizontal plane. What force would be 
required, if a weight of 12 lbs. were placed on the board ? 

5. A weight of 20 lbs. rests on a plane inclined at 25° to 
the horizontal. What is the force of friction supporting it ? 

6. A body weighing 50 lbs. rests on a plane inclined at 20° 
to the horizontal. What is the normal pressure on the plane ? 
If the body is on the point of slipping, find the coefficient of 
friction. 

7. A load weighing 30 lbs. rests on a horizontal plane, and 
is pulled by a force of 10 lbs. wt. inclined at 20° to the hori¬ 
zontal. What is the normal pressure on the plane ? If the 
body does not move, what is the frictional force ? 

8. A block of stone weighing 1 cwt. is pulled horizontally 
by a force of 55 lbs. wt. What is the tangent of the angle 
the resultant of friction and the normal pressure makes with 
the normal to the surface ? If the block just begins to move, 
what is the limiting friction ? What is the coefficient of 
friction ? 

9. A weight of 20 lbs. is on the point of slipping down a 
plane inclined at 3C° to the horizontal. In what direction does 
the resultant of the normal pressure and the friction act ? 
What is the angle between this resultant and the normal ? 

10. A body weighing 200 grams rests on a horizontal plane, 
and is pulled by a force of 50 grams inclined at 40° to the 
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horizontal. Find the If the body u on the 

furce of frict,on aud the coefficlCQt 

fca WiST b ay r * uniformly up the 

plane 1 Find the coefficient of fncnon. tw0 

12. A body resting on a borl “"*“. P[“(L parallel to the 
ropes at right angles to one an ,q lbs and 15 lbs. respec 

tively. T If e rbS°does C nof move.'find riie force of friction 

“trsi*>«»p 

20° to the horizontal the cocfli sa to start the body 

the least force, parallel to the plan , down the plane, 

moving up the plane and also to start t. ^ ^ ^ ^ ^ 

14. A block weighing 40 lba cn ^ ^ t0 the plane. 

zontal plane by a f“ r “ " f * 2 ,^ plane would be required ? 
What force acting at 30 to the p dr up „ plane 

15. A box weighing 5 cwt. t J-4 .find the work done 

inclined to the horizontal at 3.) . 1“ 

in moving the box 10 ft. up the plane. 

Angle of Friction. combine the tangential 

-- - *- i “ - ■ " 

angle it makes with the normal OA, we 


tan X = 


AB u N 


OA N 
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This angle X between the common normal to the surfaces, 
and the resultant R of the limiting friction and the normal 

B A 



Dressure is called the angle of friction. We note that the 
tangent of this angle = /x. 

If friction is not at its maximum value, it will be less than 
uN, so that the angle between the normal and the direction 
of the total reaction R is less than X. 



If the body in contact with a rough sur¬ 
face at O is pulled in any direction, the 
frictional force will always act so as to oppose 
the motion, and the maximum value of the 
angle between the normal and the resultant 
reaction will always be X, so that the line 
of action of this resultant will describe a 
cone with the normal as axis, and semi- 
vertical angle = A. This cone is called the 
cone of friction. 


Experiment. CD is a brass stair-rod passing through two 
corks C and D, so as to be firmly held by the clamps of the 
retort stand. AB is a light rod with brass eye screws at 
A and B, so that the eye at A slides freely on CD. 

Fasten a weight of 500 grams at B, and connect B to 
C by a string. 
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Adjust AB until A is on the point of slipping up the rod Da 
If is is light, we may neglect its weight in comparison 

with the other forces acting on it 

It is therefore in equilibrium under the resultant reaction 

at A, and the resultant of T and the 500 grains 



These two forces must act along the line A* Therefore 
the resultant reaction at A is along AS. 
measure the angle of^ friction.for b|»< a „„ the point 
Another position may be iouu 
of slipping down CD. 


Graphical Solutions. aolved 

Problems including f " *™m 

graphically by taking the resultant^e “a ^ 

and the normal reaction acting at an angle 
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Example. A body rests on a rough horizontal plane, and 
is pulled by a force making an angle 6 with the plane. If the 
coefficient of friction is /x, find for what value of 0 the force 
will be a minimum. 



Since friction is a maximum, the resultant of N and F will 
act at an angle A to the normal, where tan\ = /x- 

The body is now acted upon by three forces, W, R and P. 

If we draw a triangle of forces OAB, where OA represents 
W, it is clear that AB, representing P. will be a minimum 
when AB is perpendicular to OB, i.e. when P acts at right 
angles to OR. .. for P to be a minimum, 0 = A = tan _, M- 

If a body is resting on an inclined plane supported only 
by friction, when it is on the point of slipping F = /aN, and 
the resultant of F and N must make an angle A with the 
normal. (Fig. 106.) 

Why must the direction of this resultant be vertical . 

Show, by geometry, that A = a. 

We can therefore find the coefficient of sliding friction 
between a block of wood and a board, by finding at what 
angle the board must be inclined to the horizontal before 
the block will continue to slip downwards when gently 
started. 
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If the coefficient o. sliding friction is it » “P 0 ^ 
to notice that, if the plane were tilted to a greater ang e. 



diminishes as a increases. 


examples xvm. 

1. a block of wood 

hori&ontalf ^Find the^coefficient of friction. 

2. A board is placed on the h B “ r ^^bca Tt J''point 1 in. 

1 ft., and it is found to slip ^ mea8Ure d vertically, 

from the highest point P 

Find the angle of friction. 

3. A light stick has of30 ° 

vertical brass rod. At the o ^ bras3 r0( j above 

grama, and.B an angle of 75° with 

L ^'^nK-ffirient of friction between the nng 

and the brass rod 
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4. A body weighing 200 grams is placed on a board which 
is tilted until the body begins to slide. If the coefficient of 
statical friction is 0-3, find at what angle sliding will take 

place. 

5. A body weighing 1 cwt. is just moved along a horizontal 
plane by a force acting at an angle to the horizontal. If the 
angle of friction between the body and the plane is 15 , find 
by drawing, the direction of the force, so that it may be the 
least possible. What would then be its magnitude ? 

6. A cubical block of wood, 4 ft. each way, rests on a rough 
horizontal plane, and is on the point of moving when pulled 
by a horizontal force at right angles to one face, acting at the 
mid point of the top edge of that face. If the angle of friction 
is 10°, find at what point in the base the resultant reaction of 
the ground will act. What must be the least angle of friction 
if the block will tilt before slipping ? 

7. A body weighing 1 cwt., placed on an inclined plane 
whose angle of inclination is 30°, is acted upon by a force P, 
which is inclined to the horizontal at an angle of 0, so that it 
just pulls the body up the plane. If the angle of friction is 
A, find, by drawing a triangle of forces, the value of 0 for 
which P will be a minimum. If X = 20°, find P. 

8. A uniform plank, 20 ft. long, weighing 120 lbs., is placed 
with its mid point resting on a rough horizontal cylinder of 
radius 2 ft., so that the plank lias at right angles to the 
axis of the cylinder. If the angle of friction is 30°, find 
through what angle the plank may be tilted before it begins 
to slip when a weight W is placed at tf e end of the plank. 
Find W. 

9. One end of a ladder rests on the rough ground, and the 
other end against a smooth vertical wall. The c. of o. of 
the ladder is one-third of its length from the bottom, and the 
ladder begins to slip when it makes an angle of 40° with the 
ground. Find graphically the coefficient of friction between 
the ladder and the ground. 

10. A uniform rod AB, 4 ft. long, rests with the end B on 
a rough horizontal plane, the end A being supported by a 
string tied to a point 5 ft. vertically above B. If the rod is on 
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the point of slipping when it makes an angle of 20° with the 
vertical, find the coefficient of friction at B. 

11. A ring weighing 5 lbs. hangs on a rough horizontal 
rod. A string is fastened to the top of the ring, and ''hen 
inclined upwards at 30° to the rod, it just moves the ring al g 
the Tod if it is pulled with a force of 1 lb. wt. Assuming the 
plane of the ring remains vertical, find the coefficient of friction 
S fi^d what g force would be required to move the ring if 

the string were parallel to the rod. 

1 12 ' is A lTn Ot l O 0 iS l ft h^ axle ^of t h ^ dr hv i ng °v1 im Is T o w su pport s 
O^ flhewe'ght o fjto £ the leas! coefficient of fnct.on 

between the tyres and the ground. 

„ The tota! weight of a train is 250 tons, and the resistances 
to motion Tre''equivalent to. 10 lbs wt. per ton. If the load 

taken by the driving wheels is 30 tons. find the 1^ 
for n between the driving wheels and the ra s «f the 
are not to skid when the engine starts working. 

by a horizontal string perpendicular 

to the common horizontal edge o £ 

the two planes and above it. It 

/x'be the coefficients of friction, and ? 

be such that each sphere is on the 

point of slipping down, prove that 

fj .W = a*'W\ s' D ^\ 

15. The diagram represents a grab /-t-A 

for lifting stone blocks. 1 f r A ? B ' 120 °; / \ 

find the least coefficient of friction at U.^3E 

F and E in order that the grab may 

lift a block of stone, 5 feet cube 

weighing 4 tons. Neglect the we,gbt I ^ ^ 

of the grab. 
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Laboratory Experiments. 

3L. Experiments in the text (pp. 113-115). 

2. Fasten 100 grams wt to a dynamometer by a string, and 
let the string hang over a glass tube about 1 cm. in diameter fixer) 
horizontally by a clamp. 

Hold the dynamometer horizontally at right angles to the tube 
so that the two parts of the string are at right angles to one another. 
Adjust the dynamometer for reading in this position, and note the 
reading when the 100 gram wt. is slowly drawn upwards and also 
when it is just slipping down. Note tho force of friction in each case 

Repeat when the angle between one part of the string and th» 
other part produced (i.e. the angle through which the string is ben* 
is 45°, 90°, 135’, 180', 225°, etc., approximately. Plot the relation 
between the friction and the angle on squared paper. 

State whether the force needod to pull up the weight is pro¬ 
portional to the amount of string in contact with the tube. 

Repeat with a much wider tube, and compare your results with 
thoso in tho previous experiment. 

3. From the smooth curve drawn to Bhow tho relation between 
the angle and the force required to raise the weight in the first 
experiment with tho tube, take the corrected values of the force 
for intervals of 45’. 

Look up tho logarithms of theso numbers, and plot a graph 
showing the relation between tho logarithm of tho force needed to 
raise tho weight and tho angle through which the string is bent 

A smooth curve through these pointa should be a straight lino, 
showing that tho logarithm of the force is proportional to the angle. 



crater V. 


CENTRE OF GRAVITY. 


If a weight W t acts on a light cod at a point A, and 
another weight W 2 at a point B, we have seen p. 
that these weights’ will balance if then moments about 
the fulcrum C are equal and tend to turn the rod in f °PP oslte 
directions. The rod will also be in equ.hbrram tf the fub 
cram is supported by a vertical force equal to the sum of 

the weights. 



If the rod is turned through an angle round the ralcntm 
the weights will still balance, for then moments about 

will still be equal. , ... . rnf j 

If we attach another pair of weights w 3 « 
at Aj and B lt these will also balance about C it 

W # (AjC) = W 4 (BjC). 
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This pair of weights could also be placed on a rod AjBj, 
intersecting AB at C, and would balance at C if 

W 3 (A i C) = W 4 (B 1 C). 

even when these weights do not lie in the same vertical 
plane as Wj and W 2 . 

The whole system will now balance about C, and could 
be supported by a force Wj +W 2 -f W 3 +W 4 at C. 




Any rigid body may be considered as made up of a system 
of particles rigidly joined together, and each possessing its 
own weight. 

Tf we can find a point about which this system will 
balance in any position, it could be supported by a force 
at that point, equal to the total weight of the particles. 

The point about which a body will balance in all positions 
* called the Centre of Gravity of the body, and the resultant 
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of the weights ot all the particles composing the body 

always passes through this point. 

If, then, we can divide a body up into pairs of particles 

and find by inspection a point about which each F ^ 
balance, that point will be the Centre of Gravity of the 

body. 

Centre of Gravity of a Straight Line or Uniform Thin Eod. 

This will obviously be the mid point of the rod, since the 
rod may be divided into pairs of equal particles equidistant 

from this point. 


Centre of Gravity of a Parallelogram. 

The parallelogram may be divided into thin strips (A B 

^v'eThaTthe line EF. joining the mid points of AB and 
DC, will bisect each strip. 



The c of g. of the figure, therefore, lies in EF. 

Similarly, by dividing mid 

" c c - the, of „., * * ^ 

KH and EF intersect. . .■ f +u e 

This point is also the point of intersection of the 

diagonals. 


F.S. 



130 


STATICS 


Experiment. Cut out from stiff cardboard a triangle ABC. 

Suspend the triangle by a pin close to A, so that the 
triangle can turn freely in a vertical plane. 

Mark on the cardboard the vertical line which passes 
through the pin. (Find this direction by means of a plumb 
line.) Now suspend the cardboard at B, and mark the 
vertical line through B. 

Let these two lines intersect at Q. 

Suspend the cardboard at C, and verify that the vertical 
through C passes through G. 

Test whether the cardboard will balance in a horizontal 
position when supported on a vertical pencil whose point 
is placed at G. 

Test by measurement the following : 

The lines drawn on the triangle are the medians. 

The point G divides each median in the ratio 2 : 1. 

Centre of Gravity of a Triangular Lamina. 

(A lamina is a thin sheet whose thickness may be neglected.) 

Theoretical proof. Divide the triangle into thin strips, 
such as bdc parallel to BC. 

A 



Join A to the mid point of BC, then AD bisects each strip, 
such as bdc, and the c. of o. of the lamina lies in AD. 
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Prove this by the similar triangles, Adb and ADB, A dc 

and ADC. 1M , .. 

Similarly, dividing the lamina into strips parallel to AC, 

we see that the o. of G. lies in BE. Therefore .t is at G, where 


the medians intersect. 

Join DE. 

From similar triangles ABG, GDE we have 

AG _ AB = 2 - 
GD " DE 1 ’ 


AG = 2GD ; 

G is one-third of AD from D. 


Centre of Gravity of three Equal Weights placed at the 
Corners of a Triangle. 

The resultant of W at B and W at C will be 2Wat D the 
mid point of BC. The resultant of 2W at D and W at A will 


A 



, an • fin = 2 • 1. This is the same 
act at G on AD, such that AG . GD • 

point as the c. of o. of the triangular lamina ABC. 
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Centre of Gravity of a Quadrilateral 

Divide the quadrilateral into two triangles by drawing 

the diagonal AC. 

Let the c. of G. of ABC be at G, on the median BE, and 
the c. of g. of ADC at G 2 . Then the c. of G. of the whole 
quadrilateral lies or G^. 



Draw the diagonal BD dividing the quadrilateral into 
two triangles whose c. of G. are at Gg and G 4 . 

Then the c. of g. of the whole quadrilateral is at G, where 
GjGj,, G3G., intersect. 

Alter native Method. 

Let the diagonals AC, BD intersect at K. From CA mark 
off CL = AK. 

The c. of g. of the quadrilateral coincides with the c. of 
o. of the triangle DBL. 

Proof. Show that G 2 is the c. of G. of the triangles DKL and 
DAC, also that G, is the r. of o. of the triangles BKL and BAC. 

Then the c. of o. of the two tiiangles DAC and BAC will 
divide G 8 Gj in the ratio BAC : DAC, and the c. of g. of the 
triangles DKL, BKL will divide G 2 Gj in the ratio BKL: DKL. 
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BAC AC , DAC _AC 

Now bkl'kl d dkl kl‘ 

... the c. of o. of the quadrilateral ABCD coincidea wrth 
the c. of o. of the triangle DBL, and may be found by 
drawing two medians of the triangle DBL. 

EXAMPLES XIX. 

1 The sides of a triangular lamina are 3 ft., 4 ft. and 5 ft. 
Fi^d ^dtunce of the 1 of o. from the right angle. 

2. A triangular lamina ABC . is !pas/"throug^the mid 
that the vertical line through A will pass tmo g 

BC = 12 in., CA = 15 in. . , . 

S.t32“ CSC -I K "1“' “ . 

5. The figure is composed of three rectang^ar stn^ o . 

equal length and breadth. Draw the figure ana 

If K, L, M be the mid points of the 12 CTnJ _ 

three rectangles, prove that the c. — 
of o. of the figure coincides with 

the c. of O. of the A KLM. 

0. Find graphically the distance 

from the parallel sides AB, DC o 
the c. of O. of a trapezium ABCD, 

given AB = 8 cms., DC = 10 cms., 

AD = 5 cms., AD being perpendi¬ 
cular to AB und DC. 


7. Three men carry a triangular 
board by supporting it on their 


G> 

o 

3 


Fio. 113. 


board by supporting 

shoulders, placed at the angu ar placed on the 

points. Where must a weight of lOtos. £ ^ ? 

board, so that the pressure on each man may 
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8. Two isosceles triangles, whose heights are 12 in. and 9 in. 
respectively, have the same base, but are on opposite sides of 
it in the same plane. Find the position of the c. of g. of the 
whole figure. 

9. Plot out on squared paper the points A( -2, 4), B(2, 5), 
C(3, 2), D(0, -1). Find graphically the c. of g. of the figure 
ABCD. 

10. A uniform quadrilateral ABCD lies on a horizontal 
plane. If the corner A is lifted, state what is the condition which 
determines whether the side BC or the side CD will leave the 
plane first. 


Moment of the Resultant. 

The principle of the lever has shown that when a weight 
w x acting at A balances a weight w 2 acting at B, the equili- 


B 


y i 


* 1 ' W 


FlO. 114. 


brant io l -f w 2 acts at C in the line AB where w^AC) =tc 2 (BC), 
i.e. the resultant of w 1 and w 2 will act at C, and it is parallel 
to the line of action of u\ and w 2 . 

Let O be any point in the plane of io x and ic 2 . 

Drop a perpendicular from O on the lines of action of w x 
and ic 2 , cutting them at A and B, and cutting the line of 
action of their resultant in C; then w?j(AC) = tc 2 (BC). 
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Now, the moment of w, about O + moment of w 2 about O 

=W 1 (OA) + W 2 (O b ) 

=W> 1 (OC - AC) + U> 2 (OC + CB) 

= W 1 (OC)-w } (AC)+W 2 (OC) + W 2 (CB) 

=(«.’!+W2)° C 

= moment of the resultant of w l and w 2 about O 



Rssw^ + Wj 

Fig. 115. 


If O lies between the lines of action of «>i and w t , we must 

take the difference of the moments » f a " d 

to get the moment of their resultant about °, ™ 

w 2 will tend to turn a lever round O m opposite d‘reel ons. 

If we call a moment in one direction + , an 
producing a rotation in the other direction - , "> « y 
say that in both cases the Algebraical Sum of th »» e it 
of two weights about any point in their plane equals 

moment of their resultant about that P° m ^ G f 

This result may be extended to apply to any number 

““if the'rels a third weight te,, then the sum oft 

w 3 and the resultant ^‘““hc 8Um „f the 

of the resultant w t + u> 2 + w * aljou ’ , , moment of 

moments of «„ * and ie 3 about O equals the moment 

their resultant u>i.+t0*+ M, 3 a b° ut 
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To find the Centre of Gravity of a System of Weights acting 
at Points in a Plane. 

Let a system of weights w x , w 2 ,... act at points in a plane 
whose coordinates referred to two rectangular axes on the 
plane are x l y l , etc. 

Let the coordinates of the c. of g. be x, y. 

Place the plane in a vertical position, so that OX is hori¬ 
zontal. 

Take moments about O. The sum of the moments of 
w lt U' 2 , etc., about O equals the moment of their resultant 
about 0; 

•*• i w i + w % + w 3 + ...)£ = wqx 1 + tt’ 2 Za+*** *, 

- _ w % x x 4- Mycg +... _ 2wx 

W^+Wz + Ws 2w ’ 



w + w + tc 

• i J 


Fra. ne. 

Hwx is read “ Summation w: r,” and means the sum of all 
terms of the form wx. 
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Imagine the plane turned through a right angle roun , 

so that OY is now horizontal (Fig. 117). 

Again, taking moments about O, we have 

_ 2wy 
y= Tw ' 


If we imagine the plane to he horizontal (Fig. 118), ™ 
get the same values as before for x and y \ 



Fia. 117. 


each weight by the distance of the conMpondm^p^^ 
(*>, y,) etc., from the hnes OX ^ 

This is called tak.ng moments about ajme^, ^ ^ 
moments about OY we get . ( ) 
moments about OX we have Sit’.(y)— < U J 



FlO. 118. 

, i Dvnamics that the weight 

It is shown in text-books on > , f %ye have a 

of a body is proportional to its mas , 
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series of masses m u m^, etc., at points whose coordinates 
are x 1 y l , x 2 i/ 2 , the above results become 

Imx _ 

/>• a a •/ 


x = 


2m’ 2?n* 

The point determined by these coordinates is called the 
Centre of Mass. 

If the weights all act at points along a straight line, we 
may take this line as the X axis, and only one coordinate 

of the c. of g. will require to be 
determined. 

Experiment. Bend a piece of wire so 
as to form a right angle, with one arm 
AB twice the length of the other arm. 

Hang the wire up by a string tied to 
A, and mark on BC the point D where 
the vertical through A cuts the part 
BC; then the c. of g. of the wire is 
in AD. 

Now, hang the wire up at C and 
mark E, the point in AB where the 
vertical cuts it. 

These two lines intersect at the a 
of g. of the wire. 

Taking BA and BC as axes, calculate the coordinates of 

c 



Fig. no. 


B A 

Fig. 120 . 

the c. of o. of the wire, and compare with the position 
obtained by experiment. 
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Example 1. ABC is an isosceles triangle, AB = AC 3 ft., 
BC = 2 ft. Find the c. of o. of weights of 3 lbs., 4 lbs., 5 lbs. 

P ’ a T t resultant SffEuL at G, .hose coordinates referred 

to BC and BD are x,y. a 

Suppose DB to be vertical, 
and take moments about B. 

Then 12x = 4 xO + 3 x 1 +5 x2. 

/. x = l l ft. 

Suppose the figure rotated 
through a right angle so that 
BC is vertical, and asain take 
moments about B. Then 

12t/ = 4 xO + 5 xO + 3 x78. 

These results are the same as if about the 

the triangle to be horizontal and took moments 

lines BD and BC respectively. 

a-™ »• * — 

2 rA-i “ *“ 

fliires on the lep®* * 

Let P. Q, R be tbe P rcssurca f 
the lens on the table. 

Take moments about the lin 

:. a 

Let BE = a'» then, since D - y 




AC. 


Q * fl = 30* a 3 + 12*? + 10*0; 

q = i r» lbs. 

Similarly, by taking moments about the line Bv, we may 
find P. 
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EXAMPLES XX. 

1. Weights of 1, 2, 4, 5 lbs. are spaced out along a line at 
equal distances of 1 ft. Find the position of their c. of g. 

2. Weights of 2 lbs., 3 lbs., 5 lbs., 6 lbs. are placed at the 
corners A, B, C, D of a square, whose side is 1 ft. Find the 
distance of their c. of o. from the sides AB and AD. 

3. A telescope consists of three tubes, each 10 in. in length, 
and of weights 10, 8, 6 ozs. Find the position of the c. of G. 
of the tubes when they are drawn out at full length. 

4. A pendulum consists of a uniform bar 2 ft. long, weighing 
4 ozs., and a spherical ball of iron 2 in. in diameter, weighing 

1 lb , fastened to the end of the bar. Find the distance of the 
0 . of g. of the pendulum from the top of the bar. 

5. A cylinder of lead, 1 in. long, is cemented on to the end 
of a cylinder of wood 10 in. long, of the same cross-sectional 
area. Find the c. of a. of the body so formed, if the density of 
lead is 11 4 and that of wood 0 6. 

6. A piece of wire, 10 in. long, is cut into two parts which 
are joined so as to form a letter T. If the upright part is 6 in. 
long, find the distance of the o. of g. from the bottom end. 
(Neglect thickness of the wire.) 

7. A square board of side 1 ft. weighs 1 lb. If weights of 

2 lbs., 3 lbs., 5 lbs. and 6 lbs. are placed in order at the angular 
points, find the c. of o. of the system. 

8. Weights of 1 lb., 2 lb3., 3 lbs. are placed at the angular 
points of an equilateral triangle whose altitude is 1 ft. Find 
the distance of the c. of g. of the weights from the 1 lb. 

9. A trapezium is made of a square A BCD of side 8 in., 
and a triangle BCE, whose base CE equals the side of the square. 
Calculate the distance of the c. of q. of the figure from the 
side DE. 

10. Show, by using the theorem on p. 131, that the c. of G. 
of a triangle having its angular points at x x y x , ay / z , a*,y 3 is 

the point a , + !h+ y 3> 

o 3 
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Centre of Gravity of a Trapezium. i pnf rth a and 

Let the parallel sides of the trapezium be of length 

b and let its altitude be h. 

BDC. Bisect AB at E, and DC at F. 



^ and 

"rl tTanceof'rth! c. of 0 . of the trapezium 
from the line AB. 9 » 


Then 

But 


u>, =(<*+&)£; 

= 6 ’ " 3 3 

_ h(a + 2b) 

*’• 3(a + 6) ’ 




If we divide the trapezium into strips AB, - 

see that the c. of 0. of the trapez.um G hes 

EG _a + 2 6 

Prove that GF~ 2 a + 6' 
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The following examples illustrate problems in connection 
with the centre of gravity. 

Example 1. If a body is composed of two parts, and we 
know the position of the o. of o. of both parts, we can find the 
c. of o. of the complete body. 

On AD, the Bide of a rectangle A BCD, an isosceles triangle of 
height 2 ft. is drawn. If AB = 3 ft., AD = 2 ft., find the o. of G. 
of the complete figure. 


E 



Imagine the plane of the figure to be horizontal, so that the 
weight of each part acts at right angles to the central line EKF. 

The weights of the two parts of the figure are proportional 
to the areas, and are therefore in the ratio 3:1. They act at 
G, and Go, where G, is the mid point of KF and KGo = nK E - 

Since G* is the point at which their resultant acts, we nave, 
by taking moments about F, 

1 (G 0 F) + 3(G,F) =4GF; 

;.c. 1 (V) + 3(3) = 4GF ; 

. . GF = 2tj*j ft. 

Example 2. If part of a body is removed, it is required to 
find the c. of o. of the remainder, when we know the o. of G. 
of the part removed and of the complete body. 
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• i „ a circular part is removed, whose 

of the cLpfete disc. 

To find the c. of o. of the "“amde^ ^ ^ comp , ete circl 
The areas, and therefore t e rat i 0 4 . 1( so that if 

and of the part remotred, wd^be m^th ^ ^ ^ weight of the 

the weight of the part r_d „ movc d to be restored. 



be r, 3 x=l-^; x= $ 


examples XXI. 

_ • BO_^ 2 in CA = 13 in 

ar tiSS atlr e^n,^ £. ^ 

s* ° f thc c - ° f ° of 

oqoi'^oral fo 9 urtT^fThe th c r of a. 

its sides. Find the J of the equilateral triangles 

being 6 equal 6 to°the sides of the square. 
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3. A cylindrical can without a lid is 10 in. high, and the 
radius of the base, which is made of the same material, is 2 in. 
Find the distance of the C. of G. of the can from the base. 

4. Two lines, parallel to the sides, are drawn through the 
centre of a square of side 10 in. One of the four squares 
so formed is removed. Find the c. of o. of the rest of the 
figure. 

5. One of the six equal uniform rods which formed a 
regular hexagon is removed. Find the distance of the c. of G. 
of the remaining five from the original centre if the distance 
between two parallel sides was 2 ft. 

6. Two diagonals of a square are drawn, and one of the 
triangles so formed is removed. Find the distance from the 
centre of the square of the c. of g. of the remaining figure, 
the side of the square being 6 in. 

7. A square of H in. side is cut out of the middle of one of 
the longer sides of a rectangular plate whose sides are 4£ in. 
and 2i in. Find the distance of the c. of g. of the remainder 
of the plate from the other long side of the rectangle. (Army.) 

8. The top part of an isosceles triangle is removed by 
cutting it parallel to the base through the mid point of the 
perpendicular drawn from the vertex to the base. If the alti¬ 
tude was originally 8 in., find the distance, from the base, 
of the c. of g. of the remainder. 

9. The end of a shed is a rectangle, 6 ft. wide, 12 ft. high, 
with an equilateral triangle above it. If the wind pressure on 
it is 50 lbs. to the square inch, find at what point the resultant 
pressure due to the wind will act. 

10. The triangle formed by joining the middle points of the 
sides of a triangular lamina is removed ; prove that thee, of G. 
of the remainder coincides with the c. of g. of the original 
triangle. 

11. A circular disc of radius 1 ft. has two equal circular 
holes punched in it, the centres of these holes being at the 
mid points of two radii at right angles to one another. If 
the radius of each hole is 2 in., find the distance of the c. of G. 
of the remainder from the centre of the disc. 
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_ . f „j a n a OB of the same material are 

12. Two uniform 0A - °£ a ri „ h t angle, and they are 

rigidly joined at O, so that Ip AO— 12 in BO = 8 in., 

suspended by a string fastened at A. If AO - U m., 

find the inclination of AO to the vertical. 

13. A right circular cone is cut by a % ‘th'e 

base which bisects the altitu . f cone ^ 

c. of G. of the lower part from the base. c. 

one quarter the altitude from the base. 

14. A solid is made of a cone which fits exactly on ^hemp 

of a circular cylinder of the“^“cylinder, find the distance of 
Z ””fTof ft complete from the base. 

15. A circular disc of ,ron ' 2 o^iT from the centre, 

flywheel. The o. of 0. is found to be 0 1 through 

h ^ - - - «• *» - 

centre • , • a * in m 

18 - P, °h °n nr 2 l Ua If^th^quadrilateral' A BCD were lying 
B(0, 6), C(4. G) 0(0, 2). If sHffhtly raised, find whether 

on a horizontal plane, an ? y 0U r reasons clearly. 

AB or AD would leave the plane, u j 

jsssrisisst 

pressure of the plane on BC is unau, 

of the body. d on ao inclincd plane, on 

^act aT K,td tvi'll baUncI "ctw if 

through G cuts the base at K. 
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It is clear that the limiting position of equilibrium is 
determined when the vertical through the c. of o. passes 



through the contour of the base, provided that the whole of 
the base is in contact with the surface on which the body 
is resting. An instructive example, when this condition is 
not fulfilled, is to consider how far a hollow circular cylinder 
may be pushed over the edge of a circular table before the 
cylinder will upset. 

If a body is slightly displaced from its position of equili¬ 
brium and then left to itself, the forces acting on it may tend 



to make it return to its original position. In that case the 
body is said to be in Stable Equilibrium. 
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The moment of W about A causes a rotation of the body 
in Fie. 125, which will bring it back to its original position 
It will be noticed that, in the original position, the c of G. 
of the body is as low as possible, and any displacement will 

If, however, the forces acting on the body m its displaced 
position tend to take it further away from ita equihbrium 

position, the body is said to he in Unslabk E <r“ hbn ™- 
P In the original position the c. of a. of the body w as as 
high as possible, and the displacement has caused the 

c. of g. to be lowered. 



Fia. 126. 


If the body, when displaced, remains in equilibrium in 
new position, it is said to be in Neulral Eo^hbnun, 



FIO. 127. 


Supposing the cross-section of the body in thei previous 
figures to be circular, a displacement produced by rolling 
Kdy on the plane will leave it still in equilibrium. In 


I 

t 
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this case the c. of g. of the body is neither raised nor lowered 
by the displacement. 

It is possible for a body to be in stable equilibrium for 
one kind of displacement, but unstable for a different dis- 

A C 



placement; for instance, a small ball at B on a saddle would 
be in stable equilibrium for a displacement in the plane 
ABC, but in unstable equilibrium for a displacement in the 
plane DBE. 

Example. A right circular cylinder is placed on a plane 
•vhose inclination to the horizontal is gradually increased. 

To determine whether the cylinder will slip before it topples. 



The cylinder will topple if the friction is sufficiently great to 
keep A from moving until the angle of the plane is increasea 
sufficiently for G to come vertically above A. 
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H r is th, radius of the base and h the altitude of the 
cylinder, a r 2 r 


tan AGC = j t - h > 


2 r 


and, by geometry, AGC - a ; tan a A • 

The cylinder will slide ontlie ^c^dplanc ^ben t fric £ ion> 
of the angle o the P « ^ will sU de before the inclina- 

If, therefor > / h' &g q There fore the cylinder 

tion of the plane is made as g 
will slide before it topples. 

if 2r the inclination of the plane would have to 

I£ M . akc the cylinder slide. Therefore the 

greater than a to make th 
cylinder will topple before it slides. 


examples XXII- 

t ^"hetghfthe cylinder can have w.thout 
upsetting. ..nrfical plane, with one 

3. A triangular lamina is placed^in^^ P lf it is just on 

of its sides 2 in. ? n S’ ° n anot her side, 3 in. long, find the 
the point of toppling on to anotn 

length of the third side. wWch projects 

4 . A brick is placed upon c ^ f thg br icks being placed 
over the edge of a table the end ^ hoW the bricks must 
parallel to the edge of the tabl ; . ^ a3 far a s possible 

L placed so that the upper one^pr J reaulfc the case 

beyond the edge of the table, 
of three bricks. 
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6. How many bricks would be required in Qu. 4 before the 
top brick projected entirely beyond the vertical through the 
edge of the table ? 

6. A hollow cylinder whose internal radius is 1 ft. is placed 
on a horizontal circular table, whose radius is 4 ft. How far 
can the cylinder project over the edge of the table ? 

7. A square table stands on four legs placed at the mid 
points of the sides. If its weight is W, find the weight of a 
man who just upsets the table by sitting at one corner. 

8. A table consists of a uniform circular board weighing 
9 lbs., supported by three vertical legs fixed at equal distances 
round the circumference. A weight of 12 lbs. placed on the 
edge of the table, midway between two legs, is just sufficient 
to cause the table to overturn. Find the weight of each leg. 

A 

9. BAC is a triangular board, BAC being a right angle. The 
board rests in a vertical plane with AC on a horizontal table. 
D is the mid point of AC. Show that, if the triangle BAD is 
removed, the remainder will be on the point of toppling over. 

10. A uniform square board weighing 40 lbs. is suspended 
from a point by means of four equal threads (of length equal 
to the diagonal of the square), attached (a) to the four corners, 
(b) to the mid points of the sides. Find the tension in the 
threads in each case. What is the effect of cutting one of the 
threads ? 

Laboratory Experiments. 

1. Find the c. of a. of a triangular piece of cardboard, and show 
that it divides the medians in the ratio 2 : 1. 

2. Find the c. of g. of a wire as on p. 138. 

3. Take a rectangular piece of stiff cardboard. Through holes in 
tho cardboard pass strings carrying weights, and knot each string 
on the other side of tho cardboard, so that the weights are in contact 
with tho cardboird. Hold the board in a vertical plane with one 
edge horizontal Take this as tho X axis and calculate x. 

Turn tho board through a right angle in a vertical plane and 
calculate y. 

Show that tho board balances at tho point given by x, y when 
supported at this point, so that the board is horizontal. 
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miscellaneous examples. 

Chapters I.-V. 

H. 

X. A uniform rectangular board A BCD , we^mg 3 ^ ~ 
turn in a vertical plane roun P at e, to the left of 

brium, with AB honzontol. by a Mjootiy) g ft BC=al ft 

2S Action of the action of 
the pin at A. • 

°a £ ng a .S U s a o e iha F tthe c oil. of the four weigh* may be at the 
centre of the square. . . 

3. Two books, similar “ ^/'on "’uMe, OTer the edge of 

lie one exactly upon the other {urthcr may the upper 

Sk h be h Tu B P heTout before they fa.l over 1 

4, A uniform rod, 4 ft. long. »#“*„* |£iJ^a?£«£h 

on the ground and_ rests in a t P und if the rod makes 
horizontal rad, which ia 3 ft. tr B resultant reaction 

force which is preventing the 

r0d 5 fr0 A m fo!r'a n cting up a rough plane ^Uned at 40»to the 

ilrtiJnof rJSSu. W «.£th.t the same force acting 
up H shall support, the same weight. 

‘ 1. A string fastened to a 

supports the apex of a.uni ® n a 8m30 th horizontal plane , 

which rests with . its £ aud the pressure on the plane, 

find the tension of the string 

fThe triangle is not vertical.) 
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2. A number of penny pieces are cemented together, so 
that each just projects over the one below it by one-fifth of 
its diameter. Find how many may thus be piled without 
falling, when the lowest is on a horizontal plane. 

8. Tha following table gives the relation between the load 
and effort for a machine : 


Load, 

56 

112 

168 

224 

340 lbs. 

Effort, 

10 

17 

24 1 

28 

42 lbs. 


Find the law of the machine, and find its efficiency in each 
case if the velocity ratio is 9. 

4. The figure represents the section of a girder. Find the 
position of its c. of g. 



3’ 


FlQ. 131. 

5. A weight of 4 lbs. rests on a rough plane, whose inclination 
to the horizon is 30°. A string attached to the weight passes 
along the plane and over its lower edge, and has a weight of 
4 ozs. fastened to it. Find the ratio of friction to the pressure 
on the plane. « 

J. 

1. An equilateral triangular lamina, of side 1 ft., rests in 
a vertical plane, with one side horizontal and the other two 
sides supported by two smooth pegs 8 in. apart on the same 
level. If the lamina weighs 1 lb., find the pressure on the pegs. 


miscellaneous examples 
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M. -*« & ii topp,os ovo ;- 

4. A uniform wire is bent tat. the 

St'u^of re* of the Wire from the huso. 

5. If a solid cone whose height is twice the dmm^er of 

base, be suspended from a poin^ ^ ., ibrium its ax i s will be 

taeline P d r0 :t45“to ,n the ho P ri 2 on. (See P- H5, Ex. 13.) 

1 °o e end .. B of rod n c f o rm A°and A D are n joined t by a string 
“ AtSg ^sy^m han^from A, round 

: f h AB U doublHhe weight'of CD,'find the position of equrh- 

TFind the altitude of Jthe largest »ne, upon .J*. « 
diumetcr d, that will jus tlie 1 hi^liost point on the Bide to 

ShTchany"; nf^t fastened Without upsetting the cone. 

3. A uniform lamina inform of a 

triangle 18 placed v>ii » J a roU| rh plane inclined to the 
horizon at30°“ 'Clo-8, show that the lamina will reman, m 

equilibrium . . ullcd up the plane by a string 

4. If the lamina in Qu. 3 is P .j', to tho | ine of greatest 

attached to ^.SftStm^lWe when the tension of the string 

the lamina 1 
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5. The bar AB is free to turn about B in a horizontal plane. 
The horizontal bar CD, perforated at equal distances, is attached 



to AB at D by a universal joint, and is held in position by a fixed 
pin C passing through one of the holes. If a horizontal force 
of 10 lbs. wt. is applied at A perpendicular to AB, find the 
stresses produced at B, C and D, given AD = 15 in., DB=5 m., 

DC = 5 in., DBC = 30°. (Neglect friction.) 

L. 

1. A rectaugulur lamina, 2 ft. by 1 ft., weighing 2 lbs., is 
suspended at. the mid point of one of its long edges, and a 
weight of 4 ozs. is hung at one end of this edge. Find the 
inclination of the lamina to the horizontal in the position of 
equilibrium. 

2. A light rod AB, 4 ft. long, can turn in a vertical plane 
about a smooth hinge at A, and is kept in a horizontal position 
by a light rod CB, C being fixed H ft. vertically below A. 
If a weight of 10 lbs. is fastened to AB at D, where AD = 1 ft., 
explain why the thrust cf CB at B acts along CB, and find its 
magnitude. 

3. A BCD is a square plate. It is in equilibrium under the 
action of four forces, two acting at A, one at B, and one at C. 
The forces at A are 10 lbs. and 5 lbs. along the direction DA 
and BA respectively, the force at C is along the line DC. Find 
the magnitude and direction of the force at B. 

4. A weight of 20 lbs. is placed on a rough plane inclined 
at 20° to the horizon. It is found that the least force acting 
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downwards, along the 

to move is 24 lbs and tod *what angle the 

;lVer^TSd P s U o U that P he weight will just run down 
of its own accord. 

5 . A cone of given verti^l angle 2u ^o^totZ 
Ine^nS, l^"on^ elide before it topples 
over if ^ be less than 4 tan a. 


ji. 

X. A rectangular piece of eardboard BC = 8 in. 

round O, the mid point of its s fagtoned to B the side AB 

make” ^‘wfth the horizontal. Find the weight of the 
a smooth horizontal flo “ r ' V an „le 0 f 20° with the floor. 

3. a. large reetanguUr box contams * “ o " lf ° r ™; “Sontal table 

weighing 5 lbs. If the f Js edges through 25°. find the 
pret«e n oHhe d ball on the two faces of the box which support th 

t. The diagram a potion of 

contains the c. of 0 ■ Th q d(>n3i of ^ he rest. F.nd the 

Ttanttf TheTof^. from the left edge. 

— 1 6 


\/t 


■w 

C0 * 


3 ft 


no. las. 
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5. A uniform smooth rod tests on two smooth inclined 
planes at right angles to their common line of intersection. 
If the angles of the planes are 30° and 45° respectively, find 
the inclination of the rod to the horizontal. 


N. 

1. A gate is supported by two hinges in such a way that 
the weight of the gate is carried entirely by the lower hinge, 
so that the action of the upper hinge is entirely horizontal. 
The distance between the hinges is 3 ft. and the weight of the 
gate, 60 lbs., acts along a vertical line 31 ft. from the line of the 
hinges. Find the force exerted by each hinge. 

2. A uniform circular disc of weight W is supported in a 
vertical plane on two smooth pegs, so placed that the line 
joining them subtends a righi angle at the centre of the disc, 
and makes an angle of 30° with the horizontal. Find the 
pressure on each peg. 

3. A heavy beam is supported by a knife edge at A and a 
spring balance at B. The beam carries a load at some point 
P between A and B. and the reading of the balance is then 
R, lbs. When the load is moved along the beam a distance 
x ft. to the right, the reading of the balance is R 2 . If l ft. be 
the length of AB, find an expression for the weight of the load. 



FlO. 134. 


The load being in its initial position, the knife edge is moved 
a distance y ft. to the right and the balance reading is now 
R 3 . Find an expression for the combined weight of the load 
and the beam, and prove that the weight of the beam is 

r 3 + t/ r i + (Army.) 

1 # Jj 
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Fig. 135. 

same level the pressure of the wheel. A and Bdownwerds 

rZ ^«i now J., W, 

, . I iii _7T 2 


Prove that QC = ^( W A - WJ —j—, 
and that CB J&d. where W-total weight of the bicycle and 

5 . A solid sphere ha Y\/^ t ^crntre e , amUs'free to move 
chord subtending an angle 2a bore> show that the 

t* no further supp ° rt “ 

angle of friction is greater than a. 


REVISION QUESTIONS 

Reprinted by permission of the Joint Matriculation Board of 

the Northern Universities. 

1. A uniform bar AB, 10 ft. long, weighing 40 lbs., rests on 
supports at C and D, where AC = 2 ft., AD = 9 ft. What weight 
must be placed at B to make the pressures at C and D equal 
to one another ? 

2. A toboggan weighing 60 lbs. is placed so as to run down 
a hard snow slope. The length AB in contact with the ground 
is 2| ft., and when on the level the c. of G. is 6* vertically 
above the mid point of AB. When on a slope of 1 in 10 the 
toboggan just runs down. Determine the position of the 
resultant force due to the surface, and find the frictional force 
opposing motion. 

3. A workman on a scaffold raises a load of 1 cwt. by 
milling upwards on a rope which passes round a pulley in a 
block to which the load is attached. The rope goes round 
another pulley in a block fastened to the scaffold, then round a 
second pulley in the lower block, and is fastened to the bottom 
of the upper block. Find the velocity ratio of this system 
and its efficiency if an effort of 42 lbs. weight is required to 
raise the load. 

What effort would be required if the system were inverted, 
and the load, after being fastened to the block containing 
one pulley, were lifted bv a man standing on the ground 1 
(Assume the efficiency to be unaltered.) 

4. The diagram represents a child’s cart with two wheels 
and two handles, the total weight being 20 lbs. The c. of G. 
is at Q, 4' from the mid point of the axle, GC being perpen- 


1 58b 


revision questions 

dicular to AD. The rriiu. ofthe "fedand C ^centre 
Hioa 6 ! tt: at Z bSdtaA and A' trill be re^ed to lift 


them. 






When the edge C of the stone is ^^F^s 30° lbs. wt. 

distance AC = 10 and the v- ‘ the crowb ar at C assuming 
Find the pressure of the stone» o 

its direction to be perpendicular to AF. 5 feet 

6. A rectangular block ^f^^'^'feet'square. It is then 
high and stands on its end whit , \ until it has turned 

sfatfrs or fan 

back again. • ht an alcs to the 

*52 kcep the block ,n 

equilibrium in the tilted position. 
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7. The diagram represents a wheelbarrow of weight 1 cwt. 
AB is horizontal and the legs are vertical. The c. of G. is at 
G, 6" above AB where EK = 14 ft., KB = 2| ft., ED=BC = 1 ft. 
Find the pressure on the ground at C. 



If the friction at the axle can be neglected, find graphi¬ 
cally, or otherwise, the normal pressure at C and the direction 
of the forces exerted by the legs on the ground when the barrow 
is on a slope which brings C 1 ft. above D. . (Consider all 
forces to be in the plane of the paper and then divide the force 
at D between the two legs.) 

If the barrow is then on the point of sliding backwards state 
(with reasons) whether or no it would slide if turned round so 
that C is below D. 

8. A load of 50 lbs. is supported by a bracket of light rods, 
AC, AB, hinged to a wall at C and B. If AB = 6 ft., AC =4 ft., 
find the thrust in AB. 



If a rope is fastened to A and to a point D in the wall 2 ft. 
vertically above C and then strained until its tension is 30 lbs., 


revision questions 
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find whether the rod AC is then in a state of tension or com- 
p" and explain carefully on what grounds you make 

your decision. 

are jointed to n e j>> p u tQ the right, CO and 

Xthrusf down,var^f towards O/the angles BOC COO 

at O to preserve equilibrium. 

i c ];,te i ft and weight 5 lbs. is plsccd on 

‘£To 5 pressure°on M.Sd 

equal the weight of the sphere. 

u. a cord fastened to a point A, supi-ts a pulley a^B 
and passes over a fixed pulley at C. A weig 



fastened to B is Icept 1,1 p^r^of^ he cord, BA and 

If friction is neglected prove t'lat tne p 

BC if u, 1 : »* b to weigh! ib a 

12. Two small frictionless passes Vcr A, 

horizontal line -4 ft. apar . - • ® c i"ht, and then over B. 

?h7rtg fs “k^t i'n 1 ^,librium 2 ft. below AB by vertical 


F.8. 
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forces applied at the ends, C and D, of the string. Find these 
forces and determine also their magnitudes if the ring were 
1 ft. higher. If the weight is slowly raised between these two 
positions, find the work done by the forces at C and D. 

How would the value of these forces be affected if the 
portions of string CA and BD were inclined outwards at 45 
to the vertical, but kept in the same plane. 

13. Two electric lamps are suspended by cords passing 
from A and B over small pulleys at C and D and fastened to a 
counterpoise E. 



A and B are kept apart by a light rod whose weight may be 
neglected. If F and G weigh h lb. each, find the weight of E 
necessary to maintain equilibrium if friction is negligible when 
AB=3J ft.; AC =BD =3 ft. ; CAB = DBA = 60°. 

Find also the thrust in the rod AB. 

14. The diagram represents a bicycle of weight 50 lbs. 
whose c. of a. is at G. GM is perpendicular to AB and GM =6", 



AM =20". MB = 28". If a cord is fastened to the rim of the 
front wheel and pulled vertically upwards until the wheel is 
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lifted 1 ft., find the pressure then exerted by the beck wheel on 

the groundring Q cms. longjs fastened to a P«“‘ 

the surface of a sphere w h • t ^ the bor i z0 ntal 

is then placed on a smooth plane* mcunea ^ ^ ^ strjng iR 

at an angle whose tangen i ^ of tbe plane. Prove that 
fastened to a point on the gtrinfr wi jj be horizontal. 

“KI kO, find the tens,on in the string 
8 £ 

te”ble Wel A verticaTforee of 9 o*. * ^^2? th.s 

keeps the bowl tilted^ through 42!. Fmd tn P 

experiment gives for the centre of g»t■•*«* leg- .t A, 

17. A uniform circular table » tl W hen any leg 

B C, 3 ft. from one another an 2 ta ^j e can just be 

(say at A) is lifted from t-he» g™ ^‘ ^ Draw a vertical 
balanced when it has been D f the triangle ABC in 

jus W« of - 

° f lt ““'diagram represents 

Sngie” o a , Xh^be mid point and A the vertex. ADK 



1 The resultant thrust of the wall acts at K, 
and EF are vertical 1 he res iu l a teral triangle. 1 he 

the mid point of the base of tl 1 be ing G 2> the part 

stand with ED weighs 2 lbs., ns e. 
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EF weighs \ lb., and its c. of g. is Gj; E is 1 ft. from the wall. 
AK = 6", E(4 = 10", EGjssS". Find the c. of G. of the whole 
lamp in this position. By drawing or otherwise find the 
direction and magnitude of the force at A. 

19. The diagram is a side view of a coal-box with a uniform 
square lid BC whose weight is one-sixth of the weight of the 
whole box. When the lid is shut the c. of G. of the box is at 
G, 4" above the centre of the base. Find the position of the 
c. of G. of the rest of the box, excluding the lid. 



If the lid is opened until it is vertical (BC') show that 
the c. of g. of the whole box moves to a point whose distance 
from G is one-sixth of the distance between the two positions 
of the centre of the lid. 

20. A two-foot rule is hinged at its middle and placed upon 
a horizontal table. One half is kept fixed while the other is 
rotated round the hinge. Prove that the c. of G. of the com¬ 
plete ruler describes a semicircle. 



answers to questions in the text. 

r, i a line 16 300 grams wt. To right. 

Chap. I. page 4, line io. ow b 

17. 300 grams, wt. io lett. 

19 . T = 300 grams wt. to the right 
and T = 300 grams wt. to the left. 

5, last line. T = W. 

CHiP. HI. page 28, lm» >° ^°, traigllt lin6 through B bright angles 

to OB. 

14. Yes. 

Chap. VL page 45, line 3. dtunce from the axle is 

greater. 

•» T. + T., + wt. of pulley. 

5. Increased, ns .here i. greater ,.r«»uro on 
the axle. 

io The work done to raise the block becomes 
a smaller fraction of the total work 

done on the machine. 

_ __ .. , Q Thu load would not rise. 

Chap. VIII. page 67, hoc «■ ^ ^ Un6 

asW. 
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CHAPTER VI. 

PARALLEL FORCES. GRAPHICAL METHOD. 

It has been shown in Chap. I. p. 33. that the line of action 
of the resultant of two like parallel forces acting at C and 
D cuts the line CD at a point O. such that P.CO-Q.D . 
We shall now give a graphical method of finding the position 
of this resultant based upon the Triangle of h orces. 

To find the Line of Action of the Resultant of two like 
Parallel Forces acting on a Rigid Body. 

Let P and Q be two unequal parallel forces acting on a 
rigid body in the same direction (they are then said to 

be “ like ” fore s). 



Draw a line ABC parallel to P and Q, and mark off AB 
to represent P and BC to represent Q. 
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Take any point O. Join AO, BO, CO. 

Draw a line DE parallel to BO to intersect the lines of 
action of P and Q at D and E respectively. 

Note that BO is the line common to both triangles ABO and 


BOC. 

By the triangle of forces ABO, P acting at D may be 
replaced by forces represented by AO and OB. 

Similarly, Q, acting at E may be replaced by forces repre¬ 
sented by BO and OC. 

Let the forces represented by AO and OC intersect at F. 

The forces represented by OB and BO will act along the 
line DE in opposite directions, and will neutralise one 
another. 

The forces represented by AO and OC, acting at F, will 
have as their resultant a force represented by AC (from 
the triangle of forces AOC), i.e. a force of magnitude P + Q. 

Therefore the original parallel forces P and Q will be 
equivalent to a force P + Q parallel to P and Q. This force 
will cut DE at G. 

To find the position of G. 

The triangles DGF and ABO are similar ; 


DG BO 
GF _ AB ’ 


i.e. AB . DG = BO . GF. 


Also the triangles EGF and OBC are similar ; 


EG OB 
' ' GF " BC ’ 


.'. BC . EG =OB . GF ; 


AB . DG = BC . EG, i.e. P . DG = Q . EG. 

The figure AOC is called a Link (or Funicular) Polygon. 


Unlike Parallel Forces. 

If the forces P and Q, are unlike, we draw AB to represent 
P, and BC in the opposite direction to represent Q. 
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As before, we draw DE parallel to BO to cut the lines 
of action of P and Q, at D and E. 




A FlO 137. 

Note that BO fa the side common to both triangles CBO and 

The construction and proof proceed as in the previous 
case, and we find that the resultant P - «•<*£ a pent 
G in ED, outside the greater force P, such that 

P.DG = Q EG. 

„ , • . r the line DE depends 

The position of the «J th * ^ and E are feed, 

so that if both forces are turned through ‘ 1 - -me mg 
the position of the point O is unaltered. This pomt 
called the Centre of the Parallel Forces. 

Vertical Reactions by the Link Polygon. jn ui . 

To find the vertical reactions X and , ^ 

librium with the three vertical loads ' , ottcr 

Instead of lettering the lines of ( , enote by ’ nb the 

the spaces between them, A, B. ■ method of 

force between the spaces A and B. This is 

notation (see p. 174). h . forces 

Draw the force diagram ab, be, at lor tn g 

and take any point O, called the pole. 
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Join a , b, c y d to O. 

At any point a on the line (AB) draw ax parallel to aO 
and a/5 parallel to Ob. (Note that Ob is the line common 
to the triangles aOb, bOc.) 



Through /3 draw py parallel to Oc. 



FIG. 138(6). Scale 1" = 10 lbs. (RaducedV 

Through y draw yy parallel to O d. 

Now, from the triangle of forces abO, ab (15 lbs.) is equi¬ 
valent to the forces aO, Ob. 
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Similarly, be (20 lbs.) is equivalent to 60, Or, and cd is 

^HenctTth^three^given forces are equivalent to aO and O i 

Let the lines representing these forces cut the lines of 

action of X and Yati and y respectively. 

Toin xu Draw Oe parallel to xy. „ . 

Now oO acting at x is equivalent to ue and eO, from the 

triangle of forces a«0. 

Similarly, O d at y is equivalent to Oe and ed. 

Hence the given forces are equivalent to 

ae vertically downwards at x and cO a ong xy , 
ed vertically downwards at y and Oe along yx. 
Therefore the given forces are equivalent to 

ae at x and ed at y ; 

the vertical reactions are X =c« and Y =de. 


examples xxin. 

1. Determine graphically the line of action of the resultant 
of the given parallel forces . 



FiO. 139(e)- 

Verify in each case by taking moments 


FIO. 139(d). 
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2. A horizontal bar 12 ft. long is supported at each end. 
If its weight may be neglected in comparison with a ton load 
which is placed upon it 3 ft. from one end, find graphically 
the pressure at each end. 

3. A uniform beam 20 ft. long weighing 6 cwt. carries a 
load of 4 cwt. per foot run for 8 ft. of its length, beginning 
3 ft. from one end. Find graphically the pressure produced 
on supports at its ends. 

4. A roof formed by a triangular framework ABC, whose 
span AC = 12 ft., AB = 10 ft., BC=8 ft., is loaded with 5 cwt. 
at B and also at the mid points of BA and BC. Find graphi¬ 
cally the pressure on the supports at A and C. 

5. A beam ABC, 30 ft. long, rests on vertical supports at 
A and at B, 20 ft. from A. It carries a load of 3 tons at C and 
10 tons at D, the mid point of AC. Find graphically the 
reactions at A and B. (Draw the lines representing X and Y, 
the reactions of the supports, above AB, and draw the lines 
representing the loads below AB. Then letter the spaces.) 

6. A light framework is supported at its ends A and B, 
which are 12 ft. apart. The framework carries a load of 
10 cwt. 3 ft. from A and one of 5 cwt. 9 ft. from A; find 
graphically the vertical reactions at the supports. 

7. A girder AB, 50 ft. long, is supported at C 18 ft. from 
A, and at D 12 ft from B. It is loaded with 10 tons at A, 
15 tons at B and 20 tons at its mid point. Find graphically 
the reactions at C and D. 

8. Find graphically the forces X and Y which are in equi¬ 
librium with the three given forces. 




/ 

> 

10 

Y 

«~r~* 

5 

' 

«f - - - - 

X 

' 

2' — 

> 


Fig. 140. 


9. The centre of gravity of a number of particles, whose 
total weight is W, is at G. One of the particles, whose weight 
is w, is moved a distance a. Prove that the c. of o. of the 
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system moves a distance ^ in a direction parallel to the 

e “ 

be ft i^ 1 oisplacement shifts the c. of o. of the sh.p a d,stance 
of one inch ? 

10 A uniform bar 1 foot long weighing 1 lb. bas a sphere 

of ton fastened to each end, one of 3-^ a jg 

10 lbs., the other of 2 inches radius and *eigt 3 lbs. 
by a graphical construction the c. of «. of the bo< > • 

11. A horizontal light rod ABCD carries a load ° 30Jbs. at 
B and 12 lbs. at C. It.rests on two* "UPP^^ ^ 
at A where the reaction is 10 lbs. In . < 1 - CD ‘ = i ft. 

of the other support, given AB = 3 ft,, BC o.J •, 

18. A heavy uniform beam end"* 

at one end it carries a load of -0 1 • •- b carn( . ( l ,>n a 

load of 10 lbs Portion of the support, 

certain support. Find graplucain 1 , • j re to divide 

If the beam is to rest, on two supports vlncli arc, m 

the load in a given ratio, show »° ^ fin<l t ] l0 position 

any number of suitable pairs o I ’ } f( apart, the 

of the supports when they are at a distance I 

pressures on them being in the ratio o . - 
Graphical Kepresentation of a Moment. Moment 

T„f “t of a force P about a point O i. measured 

by the product P p, where p 

is the perpendicular from O 

to the line of action of the / \ p 

/ « 

force. / \ 

If a length AB Is marked 
off along the line of action 

of P, to represent P in 

- - - * py AB. 


O 

* 


B 


N 


Flo. 141. 


» A. m 

magnitude, this moment is . , • 

represented by AB x p. The area of the triangle 2 
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twice the area of the triangle AOB represents the moment 
of the force. 

If P is 5 lbs. weight, we may draw AB 5', on the scale 

r =i ib. 

If ON is 2 ft., we may draw ON 2*, on the scale 1 ft. = 1'. 
Twice the area of the A will be 10 sq. in., which repre¬ 
sents the moment of the force (10 lbs.-ft.). 

Moment of the Resultant. 

It has been shown in Part I. p. 134, that for a system 
of parallel forces, the moment of the resultant about any 
point equals the algebraical sum of the moments of the 
parallel forces about that point. 

We shall now show that the same theorem holds good 
for forces which are not parallel. 

Let the forces P, and Q, acting at A, be represented by 



the sides of the parallelogram ABDC, so that AD represents 
their resultant. Take moments about O. 

Let the perpendiculars from B, C, D on the line AO be 
Pi, pi, p 3 respectively. 
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The algebraical sum of the moments of P and Q about O 

= 2AOB +2AOC 

= OA . Pi +OA . p 2 _ 

= o A(Pj + p 2 ) = 0A / , 3 = 2 ■ A0D 
= moment of R about O. 


The geometrical fact that p x + Jh P 3 
may be seen by drawing CL perpendicular 

to DT. . 

Since ABM and CDL arc congruent, 


DL =Pi and 


DT = OL + LT. 


Prove the theorem for the case in 
which O lies within the angle CAB. 



FIQ. 143. 


Alternative Proof. 

Through O draw OC parallel to the direction 
the line of action of Q at C. 


of P, cutting 



Take the length AO to repre^cntjhe magn.tude rfQ. 

and on the same scale suppose gc ^ e 

plete the parallelogram ABDC ; then on the 


AD represents R. 
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Algebraical sum of the moments of P and Q about O 

-2AOB-2AOC 
= 2ADB -2AOC 

=2adc-2aoc 
= 2aod 

= moment of R about O. 

The theorem may now be generalised for the case in 
which any number of forces in one plane, acting on a rigid 
body, have a resultant. 

Let the forces be p, q , r, ..., and let O be the point about 
which momenta are taken. 

Let p and q meet at A; then the algebraic sum of the 
moments of p and q about O equals the moment of their 
resultant R, about O. 

Let R, meet the force r at B ; then the sum of the moments 
of Rj and r about O equals the moment of their resultant 
R 2 about O, i.e. the algebraic sum of the moments of p, 
q, r about 0 = moment of their resultant R 2 about O. 

Similarly for any additional number of forces. 

Example. Three forces of 5 lbs.. 10 lbs., 7 lbs. act on a 

rigid body so that their lines of action form an equilateral 

triangle of side 1 foot. To find the line of action of their 
resultant. 
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Suppose the line of action of the resultant to cut BC at X, a 

distance of as ft. from B. te Q f the three given 

£ „l h : a tfutx"nt O 0 f\ h he, resultant about X, =0 s.uce 

the resultant goes through X , *•<?. 

5 x sin 60 -7(1 -x) sin 60 =U, 

01 Similarly, if the resultant cut^AC at Y, y feet from A, we get 
y = 2. YX is the line of action of t ^ ta king moments 

The magnitude of R may now perpendicular from C 

about C. (Measure the length of the perpe. 

to the line of action of the resultant.) 

examples XXIV. 

,de. 

of 8 ; whose 3 'IdeM 3 1 ft.' “Find the hue of action of 

their resultant. , AB CB , DC, AD, 

3. Four forces each of 1 • ^ dircctio ’ n and magui- 

the sides of a square A BCD. 

tude of their resultant. A n-Ar = 3ft. BC=2ft. 

4. ABC is an isosceles triangle.. A 3^ to BC . q, 4 lbs 

P, 5 lbs., acts along AD, drawn at r g d the line of 

aits along BC, and R 6 bs„ acts along CA. 

action and magnitude of the re ...jiibrant of the three 

5. Find the line of actio “ d ° f |braw the isosceles triangle 

ABC? ^AB^^cms.^AC ^cTB^S cmfl.)^ 


- - e 



£10. 14G. 
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6. Draw a triangle ABC, AB = 9-7 cms., BC = ll-5 cms., 
CA = 6-3 cms. If a force of 8 lbs. acts along AB, 13 lbs. along 
BC and P lbs. along CA, find the magnitude of P if the 
resultant cuts BC produced at a point 10 cms. from C. 

7. Find the magnitude of the forces P, Q, R, which, acting 
along the sides of the triangle ABC, have the same effect as 
the given force of 10 lbs. 


A 



8. A square board A BCD, lying on a smooth horizontal 
table, can turn freely about a pin at O, the mid point of AB. 
A force of 12 lbs. acts upon it along AD, and one of 4 lbs. from 
B to C. Find the magnitude of a third force along the line 
CD which will keep the board at rest, and find the direction 
and magnitude of the force exerted by the pin. 

9. Forces equal to the weights of 3 lbs., 5 lbs., 7 lbs. act 
along three of the sides of a square taken in order : find the 
magnitude of the force in the remaining side, which, together 
with some force acting through the centre of the square, will 
balance the three given forces. 

10. If six forces, of relative magnitude 1, 2, 3, 4, 5 and 6, 
act along the sides of a regular hexagon taken in order, show 
that the single equivalent force is of relative magnitude 6, 
and that it acts along a line parallel to the force 5, at a distance 
from the centre of the hexagon 3i times the distance of a 
side from the centre. 






CHAPTER VXL 


FRAMEWORKS, bows notation. 

We know from experience that lt a b " ^“/^ght Is 
Hi two ends, it is likely to break da heavy J ^ 

attached to it between the points PP ' , icd 

same bar will resist much greater forces if thej PI 

at the ends and act along the rod. ca |l c d 

If these forces tend to compress the bar, they ^ ^ ^ 

thrusts, and the bar is a • bar ^ a tie 

stretch the bar, they are tension , marked + , 

In a diagram, bars “/^ed - Mother 

and those which are stretche n dicate a strut by 

method which is in general use i 

double lines, a lie by a single line. sec tion or 

Engineers find that ^ 8uitabl e for 

rods having a cross sectio ’ ’ y l d 0 f circular 

struts, whereas ties arc usually made solid 

or rectangular section. . . • polled a “ frame- 

A system of bars united by ree join practically 

work.” - Trusses ” used by engineer m^P ^ ^ 

frameworks, except that a sing 

continuous through a joint. , gene- 

In frameworks made to support a ro fm rodr, ^ * 

rally connected by a pm passing throug 
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their extremities. We shall suppose the external forces 
which act on the frame to be applied to these pins, so 
that approximately the forces are acting at a point. Any 
stiffness at these joints will cause the framework to be 
more rigid, and the error in neglecting this will generally 
be on the side of safety. 

Let AB, AC represent two bars jointed at A, at which 
point an external vertical load (W) is to be carried. 




The thrust on the bar AB at A will be transmitted to it 
by the pin at A, and the bar will be kept in equilibrium 
by a thrust due to the pin at the other extremity B. 



FlO. 150. 

If these forces are so great that the weight of the bar 
may be neglected, they must be equal to one another 
and act along the line of the bar. 

The thrust of the bar AB on the pin at A will therefore 
be in the direction BA. 

Similarly, the thrust Q of the bar CA on the pin at A 
" ill a long CA, so that the forces on the pin are equi¬ 
valent to three forces W, p and Q, acting approximately 
at 8 point (Fig. 149). 


frameworks 173 

The forces acting on the bars produce a state of strain 
in the material of the bar. If part of the bar to he left 
of DE is removed, a force P acting to the left would ha 
to be introduced to keep the part on the right m eqm 
librium. This force P measures the tensde stress 




>P 
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A strut may also be considered in the same way. 
Th" earned by a bar at points where * * 
supported tend to break and to bend the bar. 

be considered in Chap. VIII. rinbr 

t ig ; gi th r ; 

we S when calculating the thrusts produced in the 



struts, consider that a load W. uniformly 
the girder AB, is equivalent to a vertical down 


of ^ at A and at B. 


* 2 v • ht of ^ framework itself 

It may happen that the weigh. carried. In 

is a considerable addition to t :e “ * i( j i oa j s and 

such cases this weight is added to the external 

distributed at the joints. 



174 


STATICS 


Consider the case of the king-post truss in Fig. 153. 

Suppose the weight of the roof carried by the truss to 
be w v 

Each rafter AD, DC, CE, EB may be considered as carrying 
a load of This is equivalent to ^ at the extremity 
of each rafter. 

The load at the joints will therefore be at A and B, 
— 1 at D, C and E. 


c 



If the weight of the truss itself is considerable and 
equal to w 2 , the total load w x + w 2 =W is considered to be 
divided up equally between the same rafters, so that the 

W W 

loads at the joints will be g- at A and B, — at D, C and E. 

The solution of problems on frameworks is much facili¬ 
tated bv the adoption of Bow’s method of notation (see 
Step 3, p. 173). 

Example 1. The given triangular framework XYZ of 
light jointed bars is supported by vertical forces P and Q, and 
is subject to a vertical pressure of 2 cwt. at its apex. XY = 8 ft., 
YZ = 10 ft., ZX =6 ft. 

The weights of the bars arc considered to be negligible in 
comparison with the external forces and the thrusts in the 
bars. 

The whole framework may be looked upon as a rigid body 
acted upon by three external parallel forces which are in 
equilibrium. 
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Sup 1 The fores P It 

graphical method given in Ch. M. P- lb -_ pl-JL measure- 
be calculated by tak.ng moments about Y or Z. From measure 

ments on the figure, we have Q . 10 - 4D) , 

Since P+Q = 2, P= -71 cwt. 

Step 2. Draw the jUe*f. 

lines of action of the 

external forces, which / \ 

must be kept outside yS \ A 

the framework. B \ 

Step 3. The lines C \ 

representing the ex- \ 

ternal forces ar.d the _ 

lines denoting the bars -" t 

divide the plane of T D Q | 

the paper into various 

spaces. Label these _ F, ° 154 

SSSssMiss 

force P and the bar XY. 


FlO. 154. 


2 CwL 



Space diagram. 

FlO. 155(a)- 


Force diagram. 


(a) Draw the triangle of forces abc for the 3 forc« ceding 

at X. The force between the^ spaces ^ ^ ^ dia( , ram 

between B and C, be, etc. 1 PI ^ x Both bars are 

that the forces be, ax both act marked 

therefore pushing at X, and arc struts. Huy 

+ in the space diagram. . . At X the 

(/» Draw the tnangle ofjorces for ^ * lt 

"from th^tr,Ingle o^fots that the force at V due to 
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the rod YZ is dc , so that YZ is a tie, and is marked - in the 
space diagram. 



Space diagram. Force diagram. Space diagram. Force diagram. 


Fig. 155(6). Fig. 155(c). 

iy) Similarly for the forces at Z. ac acts towards Z and cd 
away from Z. 

The last three stages (a, /?, y) in practice are all combined 
into one as follows : 

Step 4. Draw a force diagram to represent all the external 
forces. Since these are parallel, we shall have a straight 
line. Seale T = 1 cwt. ab represents 2 cwt., bd represents P 
and da represents Q. 



Draw the triangle of forces bdc for the forces acting at Y. 
They are bd upwards, dc horizontal (it must be to the right, 
as cb is to be parallel to XY). 

Rote.—bd upwards, not db, since db is downwards in the 
force diagram. 

The rod YZ is now marked -, since it is pulling at Y, and is 


i 
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therefore a tie, and YX is marked +, since the direction of its 

thrust is cb at, Y. and it is therefore a strut. 

Now consider the forces at X. They are «6. be : (since the 
rod YX is pushing at X), so that ca, which completes the triangle 
of forces abc , represents the thrust of the rod "K 
XZ, which is now marked + in the space 'x 

diagram. , . f \ 

flf.B. —Arrows are not drawn on the torce \ 

diagrams. , c * d -4e 

It wil’ be seen that the triangle of forces / 

adc for the point Z is already drawn and / 

the fact that the lines representing the torces 

At 7 are narallel to their directions in the Fl0 . 157 . 

space diagram is a check on the accuracy of 

%“surcment, te-»•*', rf-H>*. “ = 32 '- 
in YX = 1 -2 cwt., thrust in XZ = 1 6 cwt., tension in YZ - 98 owt 
The Space Diagram and Force Diagram are so me tun , 

called “ Reciprocal ” figures. 

I?y ample 2 The diagram represents part of a Warren 

^ foS's WS 

of l 10 cwt. and 5 cwt. at the joints of the upper boom. 



* The force diagrams are reduced in size 
least as large as is indicated by the scale. 


They should be drawn at 
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1. Take moments about K for the external forces. If each 
side of an equilateral triangle is 2 units, we have 

10.1+5.3 = 0,.4 ; Q=6| cwt.; 

and .-. P=8f cwt., or determine these reactions by a graphical 
construction. 

2. Draw the lines of action of the external forces outside 
the frame. 

3. Letter the spaces. 

4. The force diagram for the external forces is the line 

ab = 5 cwt., 6c = 10 cwt., cd = P, da= Q. 


Draw the triangle of forces cd, dg, gc for the forces at K. 
N.B.—It is always necessary to begin at a point where three 
forces act. 

Note that cd represents P (not dc). 

dg must act to the right, so that gc may be 
parallel to the bar LK ; .*. dg is a tension, and 
KO is marked -, gc is a thrust. 

Now draw the polygon of forces for the four 
forces acting at L. 

In the force diagram we already have be, eg. 
Draw gf parallel to OL; then fb must be drawn 
parallel to ML, so that f is fixed and the polygon 
is begfb. 

Then draw the polygon of forces fgdef for 
the forces at O. Note that e must be a point in 
dg, so that ef is parallel to the rod MO. 

The forces at M are represented by the polygon 
abfea, so that when we join ea the line should be 
parallel to the rod MN. The polygon of forces 
for N is now already drawn, and its correctness is a test of 
the accuracy of the drawing. 

By measurement, we have in cwts. 



FlO. 150. 
Forco diagram. 
Scale 2"= 5 cwt. 


cg= +101, dg= -5-05, /6=+4-3, /e=-l-45, 
fg=+\A5, ae= +7-2, ed= -3-6. 

In practice KON would be a single rod strong enough to 
bear a tension of 5 05 cwt. 
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7. Compound Swiss truss. BC = 30 ft., AB = AC = 18 ft. 
FD=EG = 2 ft. 5 cwt. at F, A and G. 


A 



8. Same frame as Qu. 7. 6 cwt. at F, 5 cwt. at A and 4 
at G. 

9. Queen-post frame. BC = 25 ft. A 5 ft. above BC. 
FD, GE, the queen posts, perpendicular to BC at the mid 
point of AB and AC. 


A 



Loads of 1 ton at A, 1 ton at F and G. 

10. Same frame as Qu. 9. 1 ton at F, 1 ton at A, 2 tons 
at G. 

11. Compound queen post. BC = 50 ft., AM = 10 ft. AB, 
AC are trisected. 500 lbs. at D and G, 1000 lbs. at E and F. 


A 
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12. English truss. BC = 60 ft., AG 10 It 
divided into four equal parts. 


AB, AC are 


A 



Loads at B and C, 600 lbs. At A and all otiur joints on AB 
and AC 1000 lbs. each. 

13 . Mansard roof. AB = 20ft. Struts at the mid pomU 
of AC and CB. 



14. Framework smoothly j o mtecl at A, ^’ 45 ° to 

t C ve Sis t;S 4, are supported at E, F and G, 



and the framework is supported at A and B 
produced in the rods. 


Find the stresses 
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15. In the jointed framework DCF and EOF are equi¬ 
lateral triangles. ACE and BCD are straight, and the angles 


F 



ADC and BEC are right angles. Equal forces of 5 cwt. are 
applied at A and B in the line AB. Draw a force diagram for 
the frame, and find the stresses. 

16. The framework is made of light stiff rods freely jointed 
together and hinged at a fixed point O. OA = 12 ft., OB = 15 ft. 
C is one-third of the way up the diagonal of the rectangle 



OA, OB. A weight of 10 cwt. hanging from A is supported 
by a horizontal force P applied at B. Determine the stresses 
in the three rods which meet at C. 

Cantilevers. 

A framework used as a bracket is called a Cantilever. 

17. Cantilever ABC. AB = 20 ft., CAB = 30°. AC is divided 
into four equal parts, and the struts are perpendicular to AC. 
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sniiTi in 

c 



JL » • • 

joint A. « 

18. AB = 15 ft., BD = 10 ft., BC = CD = 7 ft. 10 cwt. at A. 
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Girders. 

20. Warren girder of equilateral triangles. Span AB==30 ft. 
4 tons at D, 5 tons at E, 4 tons at F. From consideration of 



the equilibrium of C and G it is clear that AC, CD, FG, BG exert 
no force, and may be omitted in calculating the thrusts. 

21. The same girder with 12 tons equally distributed along 
the four top bars. Show that this is equivalent to 1 ton at 
C and G, 3 tons at D and F, and 4 tons at E. 

22. N girder. Span 40 ft. Sixteen tons equally dis¬ 
tributed along the top. Slope of braces 45°. 



F G H K L 
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SUSPENSION BRIDGES 

24. Crane with 10 tons at the mid point of ILK , 'OM -rakes 



K 


Chains and Suspension Bridges. 

A perfectly flexible chain, suspended from ,b> two ends. 

assumes the shape of a curve known as the 

If however the dip is small, so that we may assume 
that the weight of any portion is nearly proporfmnal 
to its horizontal span, the curve is approximate ) 1| < 

When the chains of a suspension 1)11,1 M 11 y ■ 
wav by means of vertical rods, so that the load is distil 

bu^d equally between the rods, the chain's shape » aga. 

a Thfcte of a stretched wire in which the load 1-^ 
zonlalfoot of span nt umform may be rnt es^tg ^ cbaiu> 

Consider the equilibrium ot the poitioi 

• • . 1 1 __rvAinf 
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., ^ WA ;»ht of unit horizontal span. 
Let AQ = x, Q.P ~y ,w ~ f ' T t j ie horizontal tension 

The forces acting on AP are, 0 • » * n f the chain 

at A, T the tension at P and rex the we.ght of the 
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AP which acts midway between A and Q, according to the 
assumption above. 

Taking moments about P (Fig. 178), we have 

_ x 

T 0 .y=wx.^; 

w „ 

y =W 0 - x - 

which is the equation of a parabola. 



FlQ. 179. 


Taking moments about C for the forces acting on the 
chain AC, we have (Fig. 179) 

_ i wl /l\ . wl 2 

T ° • ® - 2 

Hence the equation of the curve is y = ^ x 2 , where l is 
the span. 

Again, draw the triangle of forces for the forces acting 
on the portion AP ; we have 

tan 0 = —. 

'8 


▼ IW 
FlQ. 180. 
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Also, since T is the equilibrant of T 0 and wx 

T 2 = T 0 2 + W l X l . 

wH z 

At C this becomes T c 2 = T 0 2 +— 

w 2 l* wH z . 

"64d 2 + 4 ’ 
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16d 2 
l z ' 


which approximately equals T 0 if j is small. 

Suspension Bridges. . military 

Suspension bridges, ar > designed 

3r»Jon that the load (weight of roadwayetc.) 

the stresses may be calculated from the' r °““ " 

onp. 186. A suspension bridge 

traffic, as a large “ live ” or moving load is likely 

distortion of the structure. n nest ion may be 

The following example shows how the question may 

treated graphically : , carried bv 

jr:.rw *x d is: - ."h—k 

sssjh ssejL-aazv- as- 

it is generally about *th of the spam each 

The total load to be earned is 50 tons, 

"tr “d number of bays, the cable over the 
middle bay will be horizontal by of cablo 

he^ILtd^'lof the end bay and the m.ddle bay. 
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This part of the cable carries a load of 124 tons distri¬ 
buted among the vertical rods, the resultant acting at the 

middle rod. (The 
cables are designed 
to support the whole 
weight of the road¬ 
way independent of 
any support at D, 
and the parts between successive rods are assumed to be 
straight lines.) 

The other forces are, T 0 the tension in the horizontal 
section, and T the tension at the highest point. 

Since these three forces must meet at a point, the line 
of action of T must pass through C. 

The actual pattern of the bridge may be constructed 
full size or to scale on the ground. 

AD = 50 ft., ED = 10 ft. (the dip). CED is a triangle 
of forces. ED will represent 124 tons, and by measuring 
CD and CE we obtain T 0 and T. 

We can obtain these values by calculation, for, if there are 

11 bays, CD = —-and tan 0 =^=37 and T sin0 = 12J, 
hence T = 36‘3 tons. 



Also 


T 0 = T cos 0 ; 


T 0 = 34 1 tons. 


Using the formula on p. 186, which assumes that C is the 
mid point of AD, we have 

_ wP 4(100) 2 ror . 

T »=8rf= 8p) =62 ' 5t0n8 ’ 


which is carried by two cables, so that T 0 =3125 tons. 

If we take tan 0 = 4-$ in Fig. 181, we also get this value 
for T 0 . 
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In military bridges the roadway is suspended from the 
cables by “ slings ” of wire rope. When the curve is a para¬ 
bola, the length of each sling may be calculated from the 

equation of the curve y = x- (see p. 186). 

Since the origin is taken at the lowest point of the para¬ 
bola, the length of a sling above this point at a distance 

of 20 ft. from the centre will be 

w x 20 2 = 1 6 ft., 

y 100 * 

so that if the origin is 5 ft. above the roadway, this 
sling will be of length 6 6 ft. if the roadway is con¬ 
sidered horizontal. In practice the roadway is h feher 
at the centre than at the piers; the slope is known 

“ Ttrce” diagram for the various sections of the cable 

will enable ns to determine the shape ol tin 

Letter the spaces by Bow’s method, and dra» the 



diagram bga for half the cable as before. 

b(j = 12?, tons, (ja = T 0 » ab = T &- 
Let be, cd, de, ... represent T, the tension in the vert.cal 

rods. 

Join ac, ad, ae. 


• • • • 
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Then hoc is the triangle of forces for the point (ABC), 
and so on. 

The slopes of the sections of the cable are given by the 
slopes of ab, ac, etc. 



Fig. 182(6). 

The cables are not fastened to the tops of the piers, 
but led over them and anchored in the ground. In the 
more elaborate bridges the cable passes over a roller at 
the top of the pier, which allows for a certain amount of 
play caused by expansion. 

EXAMPLES XXVL 

1. A wire weighing i lb. per foot length is stretched between 
two trolley standards 50 ft. apart, by a horizontal tension of 
i ton. Find the sag in the middle of the span. 

2. Wire weighing 02 lb. per foot is stretched horizontally 
between two points 50 ft. apart. What must be the tension 
in the wire if the sag is not to exceed 2 inches ? 

3. A suspension bridge of span 200 ft. and dip is to carry 
a load of 600 lbs. per foot run. Find the tension in the cables 
at the lowest point and at the piers. 

If the lowest point is 5 ft. above the roadway, find the 
height of the piers and the length of a sling 50 ft. from the 
mid point. 

4. A uniform chain, weighing 20 lbs., is suspended from two 
points in a horizontal line. The tangents to the chain at 
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- , i or\o the vertical. Find the tension 

S’S.’S* bT^idering the equilibrium (1) of «be whole 
chain, (2) of half the cham. , . be 

5 If a suspension bridge of 200 ft. apan, dip “ 

carried by DO equidistant slings on each oal»h , a g nd 

tension of 1 ton, find the tens.on » " . saddle and 

make r s e the r Ln?e dope'with the pier on either side- 

«. Draw to a large scale the .tap., of half ^ 

Zttll Roadway” to be 5 ft" below lowest point of the 

“h 1 ®’, . • , • , n „ wr ft is fastened to the top of 

7. A wire, weighing 1 oz. perit., . rt on the same 

two equal poles 20 ft. high p * j pj n j the moment of 

level. The dip at the midpoint isjft^ tnul ^ Jf lhe 

sttirss ” ■' «* I- 1 -. ... 

’rrt:.*: 1 :-... Sll rM 

more than 100 lbs., is carn<( . dJ j s n „t to exceed 

2 *inehesf^find^the 1 "greatest distancc apart the poles may he 

"Txhe span of a suspension bridgir » » « ■‘Jrf 

way is earned by 1C' ™ rtl I 'fi|”d?p is 10 ft., find graphically 

taking a tension of £ ton. ,i.i c between the vertical 

(1) the tension in each part «■hocable net L 

'rods, (2) the incl.nat.on of each P»‘* ] „ rods „ n cac h 

10. A bridge 100 ft. lon 8' ^‘P > V . j‘j u Fj nd t he tension in 

cable, each rod carrying a ^ t ,J crc j s no horizontal link; 

cach part of the cable. (H two portions, each 

S3&“i & with ^ short A* “ “““> 
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COUPLES. BENDING MOMENTS. 

It has been shown in Part I. p. 34, that the moment of 
a couple about any point in its plane is P p, where p is the 
arm of the couple ; see also Ex. IV. (2), p. 36. 

Theorems on Couples acting on a Rigid Body in One Plane. 
I. The resultant of two couples is a couple. 

Let the lines of action of the forces (PP), (QQ), forming 
two couples, meet at A and B. 
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By symmetry, the resultant of P and Q acting at A 
equals the resultant of P and Q acting at B, also these 
resultants will be parallel and opposite in direction ; hence 
they form a couple. 

II. If two couples have the same moment but are of 
opposite sign, they balance one another. 

Let the lines of action of the forces (PP), forming one 
couple, meet the lines of action of the forces (QQ) of the 
other couple at A and B. 
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Let o be the arm of the couple (PP) and b the arm of 
the couple (QQ); then Pa = ft6, since the couples have 

same moment (Fig. 184). , Qrt -_ 

Taking moments about A for the forces P and Q acting 
at B, we have Pa - Ob = moment of their resultant about 
Since this is zero, it follows that the resu.rant passes 
through A. Similarly, by taking moments about B 
the forces acting at A. we see that the.r resultant passe 
through B But the resultant of P and ft at A equals 

r i-. o,. »,i««.. - - - x 



/ 
' 'Q 


/ 


P B 
FiO. Ib4. 



neutralise one another. 

m it q foll^ m that if the direction of the forces (-> -c 
reversed, the couple (PP) "ould be eqmvalent J ^ 

irir * - -tr 

the same moment and cause rotation, in the 

This may he illustrated wc usc a 

to one couple whose monn nt \ 
the moments of the given couples. 
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Let the moments of two given couples be Pa and Q& 
respectively. 

By Chap. II., the couple (QQ) can be replaced by another 
couple of the same moment and sign, which may be put 
so that one force (Q.) of the couple acts along the same 
line as one of the forces (P) of the other couple. 

p+Q 

♦ 


I 

Fig. 186. 

The resultant of P at A, and Q at B, is (P + Q) at a 
point C. 

Since the algebraic sum of the moments of P and Q 
about O equals the moment of their resultant about O, 
we have 

P(AO) + Q(BO) = (P + Q)CO, 
i.e. moment of couple P + moment of couple Q 

= moment of couple (P + Q). 

The theorem can now be extended to any number of 
couples. 

These theorems are also true for couples in parallel planes. 

To prove that two couples of equal moment in parallel 
planes will balance if they act in opposite senses. 

One of the couples can be replaced by another in the same plane, 
such that the forces are parallel and equal to the forces of the 
couple in the other plane. 

Join any two points A and B in the line of action of the two forces 
which act in the same direction. 
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Draw AC and BD perpendicular to the forces in the planes of the 
two couples. 

S, D A C CBD is a parallelogram, and the diagonals bisect one 

another at E. p p al)( ] tlie forces 

The forces at C and 0 ««!«•££ » direction : 

at A and B are equivalent to 2P at t 11 

therefore they are in equilibrium. 

C 



It follows therefore that a 

for a couple of equal torque m R P . „ v be compounded 

sense. A system of couples m pamUel ' ,"\ T ZZrrcl to one plane 

** 

'"’example 1. Couple acting on a t crank^ The P**™^ 

AB is constrained to move < » j ,. t p 1 )0 the thrust 

necting rod BC rotate. the crank OC. J^ ^ ^ 
produced by the steam in the ) ^ 



Fio. 188. 

If R is the corresponding thrust along BO, we have 

R cos 0 = P. r 0 on BC, the moment of 

If p be the perpendicular from ? , t to a couple 

R about O = Rp = P sec 0 ■ l‘‘ ,s ,s U 1 
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of the same moment, for the connecting rod produces a thrust 
R on the crank at C, and the axle at O will produce an equal 
thrust R in the opposite direction, otherwise the crank would 
move bodily. The moment of this couple is P p sec 0. 

Draw OD perpendicular to BO, then OD=psec0; the 
moment of the couple is P . OD, and if P is constant, the torque 
is proportional to OD. 

Example 2. A pulley is rotated by a weight at the end 
of a string which produces a tension T in the string. 

T 





The moment of T about the axis of the pulley is Tr. Be¬ 
sides supporting the weight of the pulley, the bearings must 
also exert an upward force equal to T. The torque produced 
by T is therefore equivalent to a couple of moment Tr. 

If the pulley does not rotate owing to friction at the axle, 
or if it rotates with uniform angular velocity, the friction 
produces a torque whose moment is also Tr in the opposite 
sense. 


Example 3. 
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The force P acts at right angles to a hori- 
, zontal arm AB, which is fixed to a verti¬ 
cal support AC. 

The force P will tend to produce a 
rotation of the arm, and it will also 
tend to break the vertical rod AC. 

If at A we introduce two opposite 
forces, each equal and parallel to P, the 
conditions will remain unaltered. 
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We may now look upon the sy^em - b >' * 




1UC “ —-— 

the rotation of the arm. 

EXAMPLES XXVII. 

1. Forces P. Q. P. Q Itad ft 

BC, DC, DA of the square A BCD, j given forces, 

moment of the couple winch would balance^ ^ ^ 

2. A light stiff rod AB \ 2 3 4 5 2 0° to the vertical. A 

at one end A, so that it is j n< _ 1 11 * j magn itudc of the 

weight of 5 lbs. is hung at B ™ 

torque which tends to break u q{ whlch AC j 8 3 ft. long 

3. Two equal uniform rods AB, C, * * ^ ^ ftI|d held m a 

and of weight 2 lbs., are lung ^. i( . tio n at the hinge keeps 
vertical plane by a 14 rip ■at B - ' ds arc o11 the same side of 
AC inclined at 40 to AB. If ^ AB |nakcs an acute angle 
the vertical drawn upwaid* ‘ • ou .,i e ;i t the hinge. 

* with it, find the torque of the U^Uon £ ^ # ^ 

4. A rectangular board 12 f • - h ho Yj ZO ntal plane. If 

plane with one corner A on ‘‘ )liple necessary to support 
the board weighs 60 lbs., fin k 4 , s 40 ° with the vertical, 

it sc that the diagonal throng \ a vice \ screw 

5. One end of a rod is handle is horizontal 

ia cut at the other end by u f roin the vice, find the 

and 1 ft. long. If the rod prop**« rod at tU e vice if 
moment of the force tending to break 



198 STATICS 

the horizontal force applied at right angles to the handle of 
the tool is 15 lbs. 

6. If three forces acting on a rigid body be represented in 
magnitude, direction and line of action , by the sides of a triangle 
taken in order, prove that they are equivalent to a couple 
whose moment is represented by twice the area of the triangle. 

7. Extend the theorem of Question 6 to the case of a system 
of forces represented in a similar manner by the sides of a 
polygon. 

8. A uniform rod weighing 2 lbs., of length 3 ft., can turn 
about a horizontal axle at right angles to the rod. The radius 
of the axle is 1" and its centre is 6' from the end of the rod. 
If the rod can remain in a horizontal position when the ends 
of the axle are fixed, find the friction couple produced by the 
axle. 


9. A cord is rolled round the spindle of a heavy flywheel 
which rotates with uniform velocity when a weight of 20 
grams is fastened to the free end of the cord. If the radius 
of the spindle is 1-5 cms., find the friction couple at the 
bearings. 


10. Show that if </> be the angle OC makes with OB in Fig. 188, 
p. 195, and if BC = a, OC=r, the turning moment will be 

Prsin(0 +ft) . Calculate the numerical values for = 
cos 0 


30°, 60°, 90°, 120°, 150°, 180°, when P = 2, a=4, r=l; 
and draw a graph showing the relation between </> and the 
couple. 


11. A pair of compasses with a stiff joint rests symmetri¬ 
cally over a smooth round peg, each leg touching the peg 2* 
from the axis of the joint. The weight of each leg being 2 oz. 
and the. c. of g. of each leg 1" from the joint, find the magni¬ 
tude of the friction couple at the joint when the legs of the 
compasses are inclined to one another at 50°. 


12. To a heavy rod resting on a rough plane two strings 
are fastened at a distance of 2 ft. apart. The strings are 
pulled in directions perpendicular to the rod, making the 
same angle 0 with the vertical on opposite sides of the rod. 
Find the couple tending to turn the rod if the tension in each 
string is 5 lbs. 
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13 A bar is suspended horizontally at its extremities by 

two vertical fibres of equal length, which share its \ni jg ' 

between them. If the ban be twisted tl 

(its c. of g. rising vertically), prove that if </> be tbe^ang^ 

the strings now make with the vertical, then sin * = j sin ? 
twist the bar through this angle 0 is 4 -j 


/, a 2 - . 
J 1 - g SUV 


0 

2 


r=S“- E'S i. S * 

SO that the centre rises vertical!), tn 1 1 

keep the disc in this position is 3aT sin </> cos ^. " hlK (f> |s 1 1 

angle the string now makes with the vertical. Hence show 

Wfl 2 sin 0 

that the couple equals 


>- 


•la 2 sin 2 


0 


jsAsaff.t 
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A is 6". The eccentric bears against^a tar * n „“ th 

W, which 18 constrained to movThe shaft is slowly 
guides so that it is always ho 
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turned so that W rises. Find the couple that must be applied 
to the shaft to raise the bar when AB has turned through 120° 
from the lowest position of B. Weight of bar and load 
200 lbs. Coefficient of friction between eccentric and bar= -25. 
Neglect the weight of the eccentric. 

Bending Moments and Shearing Force. 

In the introduction, p. 8, it was shown that the forces 
acting on a body will, in certain circumstances, tend to 
produce distortion. 

If the distortion is inappreciable, the body is assumed 
to be a rigid body. In practice, however, it is important 
to estimate the effect of the forces which are tending to 
break or bend a beam or girder at any given point. This 
is done by calculating what is known as the Bending 
Moment and the Shearing Force. 

Bending Moment. 

A beam of weight W is fixed horizontally into a wall. 
It is clear that the beam is supported by the wall; there 
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must therefore be an upward force equal to W acting on 
the beam at the wall. These two parallel forces, each 
equal to W, will form a couple, whose moment is W a. 

Since the beam is in equilibrium, it must also be acted 
upon by an opposing couple, whose moment is equal to 
Wo. 
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Shearing Force. 

If the part of the beam to the left of AC were unable to 
exert an upward force equal to w, the part AC of the beam 



_ IV 
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would slide downwards. The vertical force w exerted at 
AB, which prevents the portion AB from sliding across the 
other portion, is called the Shearing Force at that point. 

Example 1. A beam AB 12 ft. long is supported at its 
extremities and loaded with 2 tons at C, 5 tons at D, where 
AC = 2 ft., DB = 3 ft. 



Fro. 197. 


To find the b.m. at G, the mid point, assuming the weight 
of the beam is neglected. 

Take moments about B to find X. 

X. 12 = 2(10)+5(3); X = £#tons; .*. Y = f| tons. 
Consider the forces tending to rotate the portion AG about G. 



FlQ. 198. 
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The moment of these forces about G will be 

X (6) - 2(4) = (6) - 8 = 9i tons-ft. 

They are therefore equivalent to a couple whose moment 
is 9! tons-ft., which is therefore the B.M. at G. 

Considering of the part bet ween A and K 

(K between A and C). 

A =±= 


4 

Fio. 199 (a). 

The force X at A must be neutralised by a downward force 

equal to X at K ; S.F. from A to C=X- , . -j, v 

If K lies between C and D, the force required at K 


■ 2 tons 

is_ 


K 



no- 199(6). 

be (X - 2) =1! tons ; s.F from C to Dm Hj™ 8 * 

If K lies between D and B, the S.F. »- 

Example 2. Suppose the weight of the beam in Qu. 1 to 

be 1 too. 


> 

A 

2 fans 5 *° n * 

' ^ ,,n B 

c G 1 

l 



-- 

V S. 

X 

r 

/ton 
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Take moments about B to find X. 

X. 12-2(10)- 1(6)-5(3) =0. 


X = \\ tons. 
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To find the b.m. at G, the mid point. 

The forces acting on the portion AG will be X at A, 2 tons 
at C, and its weight £ ton at the mid point. 




Fig. 201. 


The moment of these forces tending to rotate AG about 
G will be 

X(6) - 2(4) - $(3) = 11 tons-ft., 
which is equivalent to a couple of moment 11 tons-ft. 

Shearing Force. 

4t any point K between A and C, the portion AK will be 

A K 

acted upon by the reaction X at A, and the weight of AK = -ys 


tons at the mid point. The force at K necessary to prevent 
shearing is therefore X - ^ = ^ ~ AK tons. 

1a 12 



Fig. 202(a). 


Fig. 202(6). 
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EXAMPLES XXVin. 

1 A uniform beam projects 10 ft. at right angles tc a wall, 
into* which it is fixed. If the beam weighs 3 >^.p e rft.run 
find the couple tending to break the beam (1) at the wall, 

(2) 2 ft. from the wall. 

2 A beam 10 ft. long supported at both ends carries a 
load of X ton at a point*! ft' from one end. Neglect^ he 
weight of the beam, find the couple tending to bn ak the 

beam at its mid point. 

3. A uniform beam 12 ft. long weighing 60 lbs. is ^Pporte 
at each end. What is the B.M. at a point 8 It. fiom one 
end ? Where is the B.M. a maximum ? 

4. If a beam of length I , supported at both 
with a weight W at its mid point, show that 

greatest at the centre and equals^ , but if the beam lo.uhd 

with a continuous load of u- per unit length, the maximum 
wl 2 

6. A uniform bean, 10 ft. long weighs 100 
ported at its mid point. What » the B.M. (1) at the 

(2) at the mid point ? 

0. A beam 10 ft. long weighs 100 miiUcS! alulalso 
its ends. Find the B.M. and s.F. at the mid sectioi , 

at a section 2-5 ft. from the end. . 

7. A heavy uniform beam AB, whose veigld is | e |,g,h 

horizontally from a wall, to which it is 1. < ' ^ j,om the 

of the beam is l ft., find the B.M. at a point * It. 
wall. 

8. A beam of length L ft... supported "‘^L'tetacmss'Tl.e 

load of w lbs. per ft. length unifoiinl} ■ the B M . is 

span. Prove that at a point x ft. from the ccnti- 

-a*) and the s.F. is wx. 

Show also that the B.M. is a maximum at tin ciutrt ' 
Where is the B.M. equal to zero ( 


B.M. is 
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9. A uniform bar AB, 12 ft. long, weighs 60 lbs., and. is 
loaded with 20 lbs. at its mid point and 20 lbs. at B. It is 
supported at A and at a point C 4 ft. from B. Find the b.m. 
at its mid point and the s.f. 3 ft. from A. Where is the B.M. 
equal to zero ? 

10. A girder 36 ft. long is supported freely at one end and 
at a point 6 ft. from the other end. It carries a brick wall 
which extends along the whole length of the girder and is 
equivalent to a load of 2 tons per foot run. Find the maximum 
b.m. and s.F., and determine the points at which they occur. 

11* A beam 20 ft. long rests on two supports which are 
15 ft. apart, the right-hand end of the beam overhanging the 
support by 5 ft. The beam weighs 44 lbs. per foot, and carries 
a load of 1 ton at a point 7i ft. from the left support. Find 
the load which must be put on the overhanging end so that the 
b.m. under the load of 1 ton is zero. 

12. A girder 20 ft. long, supported at its ends, carries a 
distributed load of 1 ton per foot over 6 ft. of its length, the 
load commencing 3 ft. from the left-hand support. Calculate 
the b.m. at intervals of 1 ft., and find from a graph its maximum 
value. 

13. A uniform beam AC projects 12 ft. horizontally from a 
wall into which it is fixed at A. If it weighs 20 lbs. per foot 
and carries a load of 80 lbs. at B, 4 ft. from A, and 60 lbs. at 
C, calculate its b.m. at a section 8 ft. from A. 

14. A light beam ABCD, 24 ft. long, is fastened to supports 
at B, 4 ft, from A, and at C, 6 ft, from D. A torque of 80 lbs.-ft., 
ai-ting clockwise, is applied at D and an opposite torque of 
100 lbs.-ft. at A. If the reactions at B and C are vertical, find 
their magnitude, and calculate the b.m. and s.F. at the mid 
point of the beam. 

15. If the beam in Qu. 14 weighs 10 lbs. per foot, calculate 
the b.m. and S.F. at a point 10 ft. from A. 

16. A pole AB projects vertically 20 ft. from the ground. 
A wire 30 ft. long, stretched to a tension of 500 lbs., is fastened 
to A, the top of the pole, and to the ground. Calculate the 
b.m. at a point 5 ft. from A and also at B. 
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2V.B._The rest of the chapter may be omitted at a first 

reading. 

Work done by a Couple. 

In Chap. II. we have defined the term work, and ex¬ 
plained how to calculate the work done upon a body by 
a force. 

If the forces acting upon a body have a resultant, this re¬ 
sultant causes the body to move in the direction of the force. 
If, however, the forces acting on a body are equivalent 

to a couple, the body is made to rotate. 

The work done by a couple may be calculated thus : 
Let the couple (PP) rotate the body about a pivot at O. 
Draw perpendiculars from O to the line of action of the 



forces, and suppose the body to rotate through an angle 
of 0 radians, the forces remaining constant. 

Then work done by the forces comprising the couple 

= P(AA') + P(BB') 

= PyO + P xO. 

= P{x + y)0 
= C 0 lbs.-ft., 

where C is the moment of the couple, in lbs.-ft., and 0 
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the radian measure of the angle through which the body 
is turned. 

It has been stated in Part I. p. 41, that a body acted 
upon by a resultant force will increase its velocity, and 
that if the body is moving with uniform velocity the 
resultant force will be zero. 

If a body is rotating about an axis under the action of 
two opposing couples, one of which has a greater moment 
than the other, the body will rotate more and more rapidly : 
if the two couples are made of equal moment, the speed 
of rotation will remain constant. 

Brake Horse-Power of an Engine. 

The engine is made to rotate a wheel, round the rim of 

which passes a rope which is 
fastened to a spring balance 
on one side and supports a load 
at the other extremity. 

The load is adjusted until the 
engine runs at the speed at which 
its h.p. is to be calculated. 

The engine produces a torque 
on the wheel, turning it in one 
sense, and the friction between 
the belt and the wheel produces 
a torque in the opposite sense, 
tending to prevent the rotation 
of the wheel. The action of 
the friction is thus equivalent 
to a couple, and when the wheel 
runs at uniform speed the torque 
(C) produced by the engine equals 
the torque of the friction couple. If the radius of 
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the wheel is r ft., the moment of the friction about the 
ftxlc is - \ s'c (r\ 

(F 1 + F 2 + F 3 + ...)r=ZF.(r), 

and so is equivalent to a couple of this moment. 

Let T, and T 2 be the tension of the belt on the two 
aides of the wheel in lbs. Friction acts clockw.se on the 
wheel, therefore its action on the belt is counter-clockwise. 
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If there were no friction, we should have T x = T a- ^ 1 S1 "*® 

moment of Tj by (SF)r. 

... T 2 r-T,r = 2(F)r ; (T 2 -T,)r- . 

If the wheel rotates » times per second, the work done 
by the couple is 

C. ». 2 w -(T t - T,)r. 2nrr ft.-lbs. per sec.; 

2>J7rr(T 2 - T,) 

= 550 

since 1 H.e. =550 ft.-lbs. of work per see. 


^Ano^fmethod of calculating the brake h.p. 
engine is by means of the Prony brake. 


of an 
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Instead of a belt, a lever is used with a collar at one end, 
which grips the wheel by friction. 



A load is added at A until its moment counteracts the 
torque of the friction which tends to turn the collar round 
with the wheel. The two stops prevent the lever from 
flying round before the weight is adjusted. 

From considerations similar to those in the previous 
question, it may be shown that if AO = a and the radius 
of the wheel is r, then Fr =W . AO ; and that the H.P. for 
n revolutions per sec. is 

2irnWa 

~bb0~' 

Example 1. A turbine making 50 revolutions per second 
develops 500 H.P. Find the torque acting on the driving 
shaft. 

■ Example 2. A motor making 30 revolutions a second 
exerts a torque of 5-4 lbs.-ft; find the H.P. it develops. 

Example 3. A boat is driven by a screw making 100 
revolutions per minute. If the resistance is equivalent to 
3 tons weight and the speed of the boat is 20 mls./hr., find 
the torque on the propeller shaft if the efficiency is 50%. 

Bending Moments (Graphical Method). 

Let the beam, supported at both ends, be loaded as in the 
diagram. 
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Using Bow’s notation, we draw the funicular polygon 
and take a pole O, at unit distance from abc. 

Draw the link forces on the original diagram, and find 

O d as before, parallel to «o (p. 162). 

Q*. 



■ %% *T 

Fio. 207(a)-—Scale 1"= 10 ft 



Fio. 207 (6) —Scale l"=5tons. 


It is required to find the bending moment at K. 

Draw a vertical through K to cut the link polygon at 

KjK 2 and meeting aft at T. 

The bending moment at K 

= moment of force at P - moment ot 2 tons 

= da . PK -ab . RK. 

ad _ do Om 
Now TK; “ oKi PK 

if Om is -L r to ac ; . . pk = TK,. O m. 

ab _ bO _ Om . 

Also, TK 2 ftK 2 RK ’ 

ab . RK =TK 2 . Om ; 

•. bending moment = TK X . Om - TK 2 . Om _ 

= Om . K,K 2 =K 1 K 2 , since Om is umtv. 

• the bending moment is proportional to KjK e . 
in order to state the value of the bending moment 

tons-ft., it is necessary to investigate the scale of he 

diagram. We have seen that the number of units in the 
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bending moment is (Ow)(K 1 K 2 ), and that this is equal to the 
number of units in (da)(PK) -(ah)(RK). 

If 1" = 5 tons on the force scale, da" = (da)(5) tons. 

If 1" = 10 ft. for the diagram of the beam, PK* = (PK) 10 ft.; 
(da)PK - ab{RK) represents a moment of 

(da . PK - ab . RK) 50 tons-ft.; 

(OroXK^) must be multiplied by 50 to give the b.m. 
in tons-ft. And if O in = 1", then the b.m. is (K 1 K 2 ) 50 tons-ft. 

If the beam tends to become concave downwards, the 
b.m. is considered to be positive ; if concave upwards, the 
b.m. is negative. 

Shearing Force. 

We can also represent graphically the shearing stress 
at any point of the beam. 

A base line PQ, equal in length to the line which repre¬ 
sents the length of the beam, is drawn so that this line when 
produced passes through the point d of the force diagram. 



the force (AB), is proportional to ad, the force acting at P. 
From R to S the shearing force is proportional to da - ab, i.e. 
db, and from S to Q the shearing force is represented by dc. 

Through a, b, c draw parallels to PQ, so as to form the 
areas, as shaded in the diagram. 



bending moments 
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The shearing force along the beam is then represented 
by the altitude of these rectangles. A convention is made 
according to which the shearing force is positive and t e 
diagram drawn above the base line so long as the section 
of the beam tends to move upwards relatively to an adjacent 

section to the right. 

It will be noticed that no statement can be made as to 
the value of the shearing force at a point where there is a 



The B.M. at C will be 

At the mid point this equals ^ «" if ^ 

The curve represented by ,-£(«-*) - a r arab ° la ' aD<1 

the value of the n.M. can he plotted by substituting values 

of x from x = 0 to x = l. , . . ,i. P u M . for 

If the beam also carries concen ra ^'M^ ^ ^ fof thc 

these is found separately as in hx. 
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two combined is found by adding the b.m. on any point due 
to the distributed load to that due to the concentrated load. 

Otherwise. Instead of the method given above, a solution 
which is purely graphical may be obtained by supposing the 
beam divided into a number of equal parts, the weight of 
each part acting at the mid point. A force diagram is then 
constructed for these concentrated loads as in Ex. 2. 

Example 2. A beam 20 ft. long loaded as in the diagram 
with 3 tons, 2 tons, 1 ton, placed 4 ft., 12 ft. and 16 ft. respec¬ 
tively from the end. 
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Through fi on (AB) draw pa parallel to Oa and fly ' paraltel 

to Ob. Complete the link polygon as on p. 1 n Dr «° 
parallel to ae Then de, ea represent the reactions (ED) and (EA). 

The b.M. at K is K 1 K 2 (Om) 

= 10(K 1 K a )(Ow) tons-ft. 

= 20(K 1 K 2 )(tons-£t.), since Om=2 units. 

Draw a B.M. diagram in which the ordinates represent the 

° f Draw£base line parallel to the beam to meet ad at c. 
Through a, b, c. d draw parallels. 

^ Shearing force from left end to (AB) ,s the force ea. 
b from (AB) to (BC) =ea - ah = ebi 

from (BC) to (CD) =ea - ab - be = ec, 
from (CD) to end = ed. 


EXAMPLES XXIX. 

the mid point of the beam ? . 

2. A beam AB of 15 doot apan anpported^ .ts ends «. 

loaded with 3 cwt. 5 ft. from at ^ 

Draw the B.M. and S.F. diagrams, and find the B.M. 

middle. ,, . . 

3. A uniform beam 10 ft. \onp ; ^ p Mly ’itT bending 

ported at its extremities. Find gr 1 y 

moment at intervals of 1 ft- lcneth 1 ft. each, the 

4. A light beam 10 ft long 
point, and is supported at its e.\u 

and s.F. diagrams. , nA # 

5. A beam 20 ft. long supported at' itB ^ the B.M. 

10 tons uniformly distributed over it. Construct 

diagram. 
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6. A beam 30 ft. long, supported at its ends, carries a load 
of 4 ton per foot uniformly distributed, and also a concentrated 
load of 5 tons, 10 ft. from the left support. Draw its B.M. 
diagram. 

7. A horizontal beam AB, 8 ft. long, with one end A fastened 
to a vertical wall, has 5 tons concentrated at its mid point 
and 4 tons at B. Construct its b.m. and S.F. diagrams. 

8. A uniform bar AB, 12 ft. long, weighs 40 lbs. and carries 
a load of 20 lbs. at its mid point and 60 lbs. at B. It is sup¬ 
ported at A, and at C a point 2 ft. from B. Draw its b.m. 
diagram, and find from it where the b.m. is zero. (See Ex. 
XXIII. 5.) 

9. A beam projects 16 ft. horizontally from a wall, and 
helps to carry a balcony by means of battens placed across it 
at intervals of 4 ft. The loads are 300, 600, 600 and 400 lbs., 
measured from the wall. Draw the b.m. and S.F. diagrams, 
and give their values at a section 10 ft. from the wall. 

10. A beam 20 ft. long, supported by vertical forces at its 
extremities, has a distributed load of 4 cwt. per foot run 
extending from 4 ft. to 12 ft. from one end. Construct its 
B.M. diagram. 

11. A beam ABODE, 30 ft. long, is supported at B and at 
D (AB =5 ft., AD =20 ft.). It carries a load of 4 tons at A, 
3 tons at E, and 2 tons at C, a point 10 ft. from A. Draw the 
b.m. and S.F. diagrams, and find the b.m. and s.F. at the mid 
section. 

12. ABC is a straight horizontal beam resting upon two sup¬ 
ports A and B, 80 feet apart, the overhanging portion BC 
being 40 ft. long. The girder carries a load of 1 ton per foot 
run distributed over its whole length, a concentrated load of 
10 tons at C and a concentrated load of 20 tons at the mid 
point of AB. Construct the bending moment for the beam 
to the following scales : 

1* s 400 ft.-tons, 1’ = 10 ft. (C.U.) 
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MISCELLANEOUS examples 

Chapters I.-VIII. 


_ . , i u ad 90 ft lone rests on two supports, 

1. A horizontal beam AB, - • b* Thc beam carries 

one at A and the other at ^ r ctivc ly distant 4, 8, 

loads of 2 4 , 6 an ons thrust on each support. 

12 Find also*'tlie°ve rti c a 1 downward Joy wWcb --be ^ 

at B in order to relieve the support A f 

upward force at B to relieve the support C of . » load 

2. Two weights, each of 2 lbs are attached tod.ffcrent 

points of a string wh.ch hangs fiom^ J 1^ ^ tQ the u . ft> 

the^st ring \vhen 

the vertical. f of the portion required 

3. Find the position of the c. of r. t 1 
to complete the square as shown by the dotted 
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4 . A plank Is placnd across a horizontal c£ind« — 

2 ft., at right angles to its axi , « antl cylinder is 40 , 

If the angle of friction between tl I 1 C ome in contact 

find the maximum length of pl- k '' h ' < .^ ‘ > 
with the cylinder if it swings without slipping. 
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5. AB and CD are two levers freely hinged to the fixed 
points B and D. The upper end of CD and the point E on AB 



Fig. 212. 


are hinged to the link EF. A vertical force W, applied at F, 
is balanced by a horizontal force applied at A. Prove that 


P__EF BE 
W~ EC BA' 



P. 

1. Two strings AB, AC pass over smooth pulleys in the same 
vertical plane, and carry weights of 2 lbs. and 3 lbs. respec¬ 
tively. A third weight W is suspended from A, and a horizontal 


0 C 



force P is also applied at this point. Find graphically the 
values of P and W when the strings AB, AC each make an angle 
of 45° with the vertical. 
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2 The beam of a balance is of mass m and length 21 ; when 
the'beam is in equilibrium, the knife edges from which the 
pans are suspended and the c. of o. of the beam are respec¬ 
tively d and h below the central knife edge. If each scale 
pan with its load has a mass M, prove that an additional mass 
(X, placed on one pan, causes a deflection a where 

. _ Bl _ (C.U.) 

tan0_ mh + (n +2M )d 

3. Two fixed bars in a vertical plane are each inclined at 
45° to the vertical. The ends of a string are tied to rings, 
each of weight W u which slide without friction on the ba - 
From the string a weight W 2 is hung. Prove that each half 
of the string will make an angle 0 with the vertical gi e y 

tan0 = l+^L 

4. A weight rests on a horizontal table and is P ull f d ^ a 
string which is inclined at 45° to the vertical. If £-x. P™™ 
that the weight will just slip when the tension in the g 
slightly exceeds 0-28 times the weight. 

5. Find the horizontal force X and the vertical force Y. and 

B 



the stresses in the frame when A is fixed and 1 ton supported 
at B. AB = BC = 20 ft. ; AC =9 ft. ; CD = 10 ft. I 

1. A heavy uniform rod is 8U Wj^ one end 

by three equal forces in a vertical P » that the angle 

and the other two at the other end. Show tw 

between the directions of the two latter must be 1 • 
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2. Two equal heavy spheres of 1 in. radius are in equilibrium 
within a smooth spherical cup of 3 in. radius. Show that the 
pressure between the cup and the sphere is double the pressure 
between the two spheres. 

3. Two heavy uniform beams AB, BC, each of weight 10 lbs., 
are smoothly jointed at B. There is a hinge at A, and the end 


c B 



C rests on a fixed support. If equilibrium is maintained by a 
force of P lbs. weight at the mid point of AB, at an angle <t> 
with the horizontal, prove P = 10 sec (30-</>). (C.U.) 

4. A horizontal bar, 10 ft. long, carries weights 4 lbs., 5 lbs., 
6 lbs., 7 lbs. at distances respectively 2 ft., 5 ft., 7 ft. and 9 ft. 
from one end ; give graphical constructions (1) for the resultant 
of the weights, (2) for the pressures on the supports, when the 
bar is supported at its two ends, neglecting the weight of the 
bar itself. 

5. A ladder on a horizontal floor leans against a vertical 
wall. Show that if its c. of o. is at its middle point, the greatest 
inclination to the wall which is consistent with equilibrium is 

cy.. 

tan -1 —c—s, where n is the coefficient of friction for the contact 
1 - /r 

both with the floor and with the wall, and that in this position 
the lines of action of the resultant forces acting at the foot 
and at the top of the ladder are at right angles to one another. 

R. 

1. If ABCD is a rectangle, such that the diagonal AC is 
twice the side AB, and forces of 2 lbs., 4 lbs. and 8 lbs. act 
along AB, AC and BD respectively, prove that their resultant 
is parallel to BC, and find its position. 

2. Two rods, AB. BC, are smoothly jointed at B; the end A 
is fixed, and AB can turn round it in a vertical plane. C can 
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move in a horizontal line passing through A. When a force P 
acts at C along CA, prove that the system can be kept in 
equilibrium by a couple Pd acting on AB, where d is the length 
of the line drawn from A perpendicular to AC to meet BC. 

3. A smooth wedge ABC is free to move on the horizontal 
plane BC ABC = 30°. A weight of 10 lbs. lies at D on the 
kce AB, and is fastened to a point E by the string DE inclined 
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at 40° to the vertical, DE being in the same plane as the section 
ABcT Find the magnitude of the horizontal force which must 
be applied to AC to prevent the wedge moving. 

4. The figure shows a chain sling for lifting blocks of stone. 
The chain ABC passes over pulley m the hooks at B and C. 



If the limiting angle of friction at D and 6 i. . an.1 tlm length 
of the chain is 4 ft., show that the smallest block uh.cn y ^ 

lifted iB about 20 in. wide. 
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5. A wire hangs in a vertical plane between two points iu 
the same horizontal line, and is so nearly straight that its 
weight may be regarded as uniformly distributed across the 
span. Show that if the sag at the middle be ^th of the span, 
the tension at the ends exceeds that at the middle by about 

¥ /o* 

S. 

1. AB, BC, CD, DA are four rods hinged together into a 
rhombus. C rests on the ground, and a vertical thrust of 



100 lbs. is applied at A. What thrust is in consequence exerted 
by the elbows B and D on the blocks P and Q ? 

ABC = ADC = 60°. (CSC.) 

2. AB is a straight horizontal beam 30 ft. long. It carries 
loads of 10 tons at A, 8 tons at B and 12 tons at C, which is 
20 ft. from A. It is to be supported by two props, one placed 
8 ft. from A and the other at such a point that the load is 
equally divided between the props. Find the position of the 
second prop by the funicular-polygon method, and verify by 
calculation. 


3. A and C are fixed points, C being vertically over A. A 
light stiff rod AB, equal in length to AC, is pivoted at A, and a 
rope connects the end B to the fixed point C. A weight W 
hangs from B. Show that the thrust in the rod always equals 
W, and that when AB makes an angle 0 with the horizontal 


the tension in the rope equals 2W sin 



(C.S.C.) 


4. The figure illustrates a simple type of suspension bridge, 
in which the roadway consists of two beams PQ, RQ freely 





MISCELLANEOUS EXAMPLES 


223 


hinged together at Q, and supported by three vertical tie rods 
hung from the chain of light rods ABCDE Prove that for the 
given form of the chain the tensions in the tie rods must be 



the same, and show that this tension amounts to 3 4 tons when 
the beam PQ. is loaded in the given manner. (The weight of the 
beams is neglected and the load produces no distortion.) (C-U.) 

5. Two equal masses are joined by a cord pa^ing over a 
smooth pulley on the ridge of an isosceles 90 wedge , the 



wedge is then tilted until the masses begin to move. Show that 
rheangle O i? then equal to the angle of fnctior between the 


masses and the wedge. 


T. 


1. A and B are fixed points. AC, CD and BD are three straight 
strings. A B=6 ft., AC = 2 ft., BD=3 ft., BAC-ABD-45 . 


F.8. 
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It is required to apply forces P and Q at C and D of such 
magnitude and in such directions that they will maintain the 
strings in equilibrium in the positions given, producing in each 
string a tension proportional to its own length. Find the 
magnitude and direction of these forces, if the tension in AC 
is to be 2 lbs. wt. 

2. A uniform beam AB, 15 ft. long, weighing 40 lbs., is 
supported by a pier at C and a pier at D, where AC = 3 ft. and 
AD =9 ft. Weights of 10 lbs., 14 lbs. and 16 lbs. are placed at 
the middle points of AC, CD and D B respectively. Find through 
what distance the beam and the weights on it must be moved 
in order that the pressures on the two piers may be equal. 

3. In a crane the lifting force is applied to a handle which 
rotates in a circle of 3 ft. diameter, and it is found that when 
the handle makes five complete revolutions the load is lifted 
1-46 ft. It is also found that with loads of 1 cwt., 3 cwt. 
and 5 cwt. respectively, the lifting forces required are 17-5 
lbs., 26 lbs. and 35 lbs. Find the efficiency for each of these 
loads. 

4. A railway wagon is placed with one pair of wheels on 
each of two platform weighing machines, which are on the 
same level, and the weights recorded are 5-4 tons on machine A 
and 4-6 tons on machine B. The axle over machine A is now 
jacked up so that it is 6 in. higher than the axle over machine 
B, and the distribution of the weights between the machines 
is now 5 1 tons on A and 4 -9 tons on B. If the distance between 
the axles is 10 ft., show that the c. of G. of the truck is very 
nearly 6 ft. above the plane through the axles. 

5. A uniform rod of length 2a is placed against a smooth 
fixed cylinder, with one end resting on a rough horizontal 



plane which passes through the centre of the cylinder. The 
rod makes an angle a with the ground, and d is the distance 
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of the end A from the centre of the cylinder. If the rod is on 
the point of slipping along the plane, show that 

P sin 4> _a 
W — sin (a + <f>) <?’ 


where P is the force between the rod and the cylinder and W 
the weight of rod, <j> the angle of friction. (C U ) 


U. 

1. A trap-door ABC is supported by a hinge at A and a bolt 
at BCD. The bolt passes through rings at B, C and D. The 
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door weighs 120 lbs., 
the forces between 


and its c. of o. is 10-5 in. from A. Find 
the bolt and the rings at B, C and D. 

(CU.) 


2. An elastic string, whose natural length is 2 ft., is observed 
to stretch 4 in. when fixed at one end and supporting a mass of 
2 oz. attached at the other. If this mass be now pulled aside 
horizontally by a force equal to the weight of 1-5 oz., find its 
horizontal displacement in the position of equilibrium. 

3. Five forces in a horizontal plane acting at a point are in 
equilibrium. One is a force of 5 lbs. acting East, one a force 
of 10 lbs. acting 20° E. of N., and one a force of 8 lbs. acting 
15° W. of N. The remaining two forces act S. and S.W. 
respectively. Find their magnitudes. 

4. Two bodies, each of weight W, are fastened to a light rod, 
each 3 ft. from its mid point, and two strings are fastened to 
the rod, each 2 ft. from the mid point. The rod is placed on a 
rough horizontal table, and the strings are pulled in directions 
perpendicular to the rod, making the same angle 0 with the 
vertical on opposite sides of the rod. hind the least tension 
that will turn the rod, and show that if // = 3 the tension will 
be least when 0 = 45°. 
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6. The framework is made of smoothly jointed rods. 


B 



Fig. 224. 

AB = AD =3 ft., BC = DC = 4 ft., AC = 5 ft., AE=EC. 

' 40 «lbs. act at C and E as shown. Find the stresses. 

V. 

1. A body of weight W is supported by two vertical strings 
attached to points A and B in the body. When the inclination 
of A B to the upward vertical is 0, the tension in the string at 
A is Tj, and when the inclination of AB is 0 2 the tension in this 
string is T 2 . Prove that the perpendicular distance of the 
o. of Q. of the body from the line AB is 

Ca- T i) AB (C.U.) 

W (cot 6i - cot 0 2 ) 

2. One end of a uniform rod is placed against the Blope of a 
smooth inclined plane of angle a. The rod rests in a vertical 
plane containing a line of greatest slope of the inclined plane, 
and is kept at an angle to the horizontal by a horizontal 
force at its other end. Prove that 2 tan /? = cot a. 

3. A wedge whose angle is a rests on a smooth horizontal 
surface, and its thin edge is inserted beneath the lower end of 
a vertical rod which can move vertically without friction 
between guides at its sides. A horizontal force P applied to 
the wedge makes the rod rise, so that its lower end touches the 
wedge along a line of greatest slope. If 4> is the angle of friction 
between rod and wedge, find (1) the force ratio of the system, 
(2) its efficiency as a machine for raising the rod. 


Forces or 
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4 A weight of 5 lbs. rests on a board 10 ft. long, and slides 
down with uniform velocity when one end of the board is 
raised a vertical height of 2 ft. above the other end. JJ hat 
force parallel to the board would be required to keep the weight 
from moving if the end were raised another foot ! 

5 # AB and CD are horizontal. The frame is supported at 
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A and B, and carries a load of 1000 lbs. at C. Find the support- 
ing forces at A and B and the forces in the rods. 

W. 

1 A smooth book of weight W, supposed to be a uniform 
rectangular block of height a and thickness 6, leans over at an 
an"le a to the vertical, between vertical books on each side of 
it on a smooth shelf. Prove that it presses against these books 

with a force vv a sin a - b cos a 

2 a cos a — b sin a 

2 A span AD is bridged by two beams joined together as 
s ho 2 wn A the upper beam resting on the lower at B and the lower 



Fig. 226. 


A to D, and prove that the tension is greatest when the load is 
over B. 
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If the span is 30 ft. and the points B and C each 3 ft. from 
the middle of the span, find the greatest value of the tension 
in the bolt when a man weighing 13 stones walks across the 
bridge. 

3. A uniform rod AB, 4 ft. long, weighing 10 lbs., can turn 
freely about a hinge at A. A rough heavy ring C can slide on 
the rod, and is fastened to a fixed point D by a light string. 



AC = 1 ft., AD = 1 1 ft., DAC = 30°. Find the weight of the ring 
if it is on the point of slipping down the rod in the given 
position, n for rod and ring being £. 

4. A light beam rests on supports 15 ft. apart, and carries 
loads of 7, 4. 2 tons at distances 3, 8, 12 ft. respectively from 
the left-hand end. Calculate the b.m. at 4, 9 and 10 ft. from 
the same end. 

5. The sketch shows a column D, of weight W, which is 
being raised vertically, with uniform velocity, by a force P 



applied to the wedge C. The inclined plane A and the support 
B are fixed, and the upper face of the wedge is horizontal. 
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There is the same coefficient of friction between A and C as 

between C and D and D and B. Draw a diagram of the forces 

acting on the wedge and on the pillar, and find the ratio of P 

to W, when w = tan 18° and the inclination of the plane is 30 . 

(L.U.) 

X. 

1. In the crane it is found that when W is at rest and of 
magnitude \ ton, the resultant pressure on the ground acts in 



the line G,G and is 6 tons wt. Determine the 
ground when W is 2 tons, and the load is 
uniform velocity. The rope is wound on to 



a drum at A. 


(CU.) 


2 Two rings of weight 2 lbs. and 3 lbs. respectively slide on 

a string whose ends are fastened to the ex.remit,es of a s ra.gh 1 
rod inclined at 0° to the horizon ; on the rod si des a light ring, 
through which the string passes, so that the heavy rings arc 
on different sides of the light ring. Prove that in the position 
of equilibrium the inclination f of the rod, to those parts 
the string next the weightless ring, is given by tan </» = o tan 0, 
assuming that friction is negligible. 

3 A double wedge has as its section the triangle ABC, where 
A = 30°, B = 90° and the wedge is held fixed with AC horizontal. 
A weight of 10 lbs. resting on AB and a weight W resting on BC 
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are connected by a string passing over a smooth pulley at B. 
Find the greatest value W can have consistent with equilibrium, 
if the coefficient of friction between each weight and the plane 
on which it rests is £. 

4 A uniform rectangular board ABCD has hinges attached at 
two’points in the edge AB, so that it can turn about AB as a 
horizontal axis. Strings are attached at C and D, winch pass 
over pulleys in the same horizontal plane as AB, and support 
equal masses which hang freely. The distance of the pulleys 
from the edge AB is equal to the length of the edge AD. Find 
an expression for the inclination of the board in terms of the 
weights of the board and the hanging masses ; and show that 
if the weight of the board is less than twice the sum of the 
weights at the ends of the strings, the only possible position 
of equilibrium for the board is the horizontal position. 

Determine the position of equilibrium of the board when its 
weight is 10 lbs., and each string supports a weight of 2jbs^ ^ 

5. ABC is a light bent lever, which can turn in a vertical 
plane about A. It supports at C a uniform rod ED weighing 



2 lbs., which can turn about D. ABC = 150°, BC = CD = 
CE = 2 ft. Find what vertical force at B is required to 
AB horizontal when 20 lbs. is hung at E. 


1 ft., 
keep 


Y. 

1. The beam AD of the given lever turns about C. Vertical 
rods BE, DF are attached to the horizontal levers EG, FH ; EG 
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being pivoted to FH at G. A weight at A 
horizontal. Prove that if a load W is placed 


keeps the levers 
on EG, the addi- 



FIO. 220(b)- 


tional weight P required at A is given byjherclation 

P(AC) = W(BC), provided g£ = GH ; 

thia result being independent of the position of W on EG. 

2. The light rods AB.BC CD are ^Iv hmged at ^ 
can turn about a faxed pivot at 



strained to move vertically by smooth guides. If BO -6 in 

A ^ _fLrncf nlonfT ED 18 


acts on A. 


a A *., i iR -ift Ion" weighing 10 lbs., can turn 

3. A uniform rod AB 3 ft. 1 „ b horizontal with A 

freely about B and is held at 30 to m i the 

below B, by a string fastened ^ A^wd mdlmed ^ & fixed 

vertical on the other sid _, f supports a weight 

rough circular cylinder of radnu^ ’ wh en it is about to 

move 1 upwards, C gWen^thAt the tension T in the stnng between 
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the cylinder and the rod is We°' 2fl , where 6 is the angle in 
radians subtended at the centre by the string in contact with 
the cylinder, (e is the base of Naperian logarithms=2-72 
approximately.) 

4. A cone of vertical angle 30° and weight W is placed with 
its vertex on a smooth horizontal plane. Prove that the 

couple necessary to hold it with its slant side vertical is -y^-, 
where l is the length of the slant side. 

5. The weight of a ship and its cargo is 4000 tons. If 100 
tons of cargo is moved 20 ft. transversely across the deck, 
find the consequent displacement of the c. of G. of the total 
load, assuming that the deck remains horizontal. 

Z. 

In the following questions, part of a solution is given. 
Discuss whether the solution is correct or incorrect. If wrong, 
point out the mistake and give the correct solution. 

1. A weight of 5 lbs. is fastened to a smooth light ring C, 
which runs on a string ACB. The string is fastened to A, 
passes over a small pulley at B on the same level as A and 
supports a weight W. If ACB = 60°, find W. 

Solution. LetT be the tension in the string. Since the ring 
is smooth, AC and CB will each be inclined at 30° to the 
vertical. 

.*. resolving vertically, 2T cos 30° =5. 

Also, at B we have T cos 30° = W ; 

.*. 2W = 5; .*. W = 2-5 lbs. 

2. A cubical block of stone (edge 1 ft.) weighs 200 lbs. and 
rests on the ground. It is just lifted by a uniform lever 3 ft. 
long, weighing 1 lb., which is pushed 3 in. under the block at 
right angles to an edge of the base and pulled vertically at the 
other end. If the lever is considered to be horizontal, find P. 

Solution. Take moments about the edge of the block. 

P(33) -1 (15) = 200(6); .-. P=^=36^ lbs. 

3. A weight of 12 lbs. rests on an inclined plane, and moves 
down slowly with uniform velocity, when the plane makes 20° 
with the horizontal. What force parallel to the plane would 
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be required to move the weight slowly up, if the plane were 
inclined at 30° to the horizontal ? 

Solution. Resolving along the plane, 

F = 12 sin 20, where F is the friction. 

If the plane were inclined at 30°, let P be the required force : 
then P = 12 sin 30 + F = 12 sin 30 + 12 sin 20 

= 12 sin 50 = 12 ( 766 ) = 9-2 lbs. 

4 . A body weighing 20 lbs. is dragged along a rough hori¬ 
zontal plane by a force inclined at 40° to the plane. Find the 
least value of the force when /z = 0-2. 

Solution. Let P be the required force, N the pressure on the 
plane. Then friction = (0 2)N =(0 2) (20) = 4 lbs. 

Resolving horizontally, 

p cos 40 = 4 ; P = 4 sec 40 = 5-22 lbs. 

5 Find the C. of O. of an irregular quadrilateral. 

Solution. The C. of o. of a quadrilateral coincides with the 
C. of o. of four equal weights placed at the angular points 

A, The C C. D of o. of the weights at A and C will be at the mid 

^Therefore the'o^of^oA^e quadrilateral is the mid point 
of the line joining the mid points of the two diagonals. 



CHAPTER IX. 


GENERAL CONDITIONS OP EQUILIBRIUM. 

A force acting on a rigid body at a given point may be 
transferred to any other point, provided a couple is also 
introduced to act upon the body. 

Let the force P act on the rigid body at A. 



Fia. 230(a). Fig. 230(6). 


It is clear that the force P acting at A tends to turn 
the body round O, and that its moment about O = P p. 

At O, any other point, introduce two equal and opposite 
forces P, parallel to the force P at A. These will not affect 
the equilibrium of the body. We may now consider that 
the body is acted upon by a force P at O, together with a 
couple P p. 

The moment about O of P acting at O is zero, and the 
moment of the couple is Pp. 
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To find the Conditions of Equilibrium for a Rigid Body acted 
upon by a Number of Forces at various Points in a Plane. 
Each force P, Q, ... acting at points A, B, ... may e rana- 
ferred to act at any point O, provided we introduce a 
system of couples whose momenta will be Pp, «?, etc. 



Through O draw two axes at right angles to one 

“Thetrces P. Q, ... at O may be resolved in the two direc 

"algebraical sum of these components be X. V 
respectively. 



The resultant of these will be R, where R* b 

The moment of the resultant couple is obtained by 
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finding the algebraical sum of the couples P p, Qq, .... 
Let the moment of this resultant couple be C. 

The resultant force cannot balance the resultant couple, 
therefore for equilibrium there must be no resultant force 
R, and there must be no resultant couple ; 

X=0, Y =0 and C=0. 

It will now be clear that in practice we need not go 
through the operation of transferring the forces to a point 
0, since the resolved parts may be obtained by resolving 
the forces at the points A, B, etc., where they act. 

The moment of each couple is independent of the position 
of the point about which we take moments. Now the 
moment of the couple Pp is the same as the moment of the 
force P (acting at A) about the point O. .*. the resultant 
couple will vanish if the algebraical sum of the moments of 
the various forces about any point O is zero. 

Notes. —I. The equations we have obtained amount to 
the fact that if X = 0, the body will not move in the direc¬ 
tion of the X-axis. If also Y = 0, neither can it move in 
the direction of the Y-axis. If C=0, it cannot rotate; 
therefore it is in equilibrium. 

II. If X = 0 and Y = 0, the resolved parts of the forces 
in any direction must be zero. The original forces being 



equivalent to X and Y, we have along OA the force 

X cos 6 +Y sin 0=^0. 
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III If the sum of the moments about a certain point 
of a set of forces, is zero, it follows that the forces are not 

o> i. a» 

iB zero, or (ii) if the certain point ia on the lmc of act.cn of 
the resultant momen ts a ^ of forces about 

three 1 tZL: points each separately equals zero, the 

f Tth“ru e a n rrl“ moment about each of the 

must be zero, but. - 

“' ^ as P Tbere h is «. resultant 

couple, the forces must be m equilibrium. 

bin^T" and is su"d by"a forU'p afi^the diagmni. 



To find the reaction at the hinge, «. the force exerted by the 

pin at the hinge on the rod. resolved horizontally 

^ Let this force produced bythe m ^ ^ y (This reaction 
and vertically into two coni P . t he triangle of forces.) 

C °Resolving^h' Te'C^" ^horizontally. we have, 

since the rod is in equilibrium, 

X — P 4U =U. 
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Vertically, Y + P cos 40-10=0. 

The moment of the resultant couple (by taking moments 
about A) is 10o cos 30 - P2a sin 80=0. 

From which we find 

P = 4-4 lbs., X=2-8 lb s., Y = 6-6 lbs ; 

the reaction at the hinge is Vx a + Y 2 =7T lbs. 

Example 2. Two equal uniform rods, each weighing 20 lbs., 
are hinged at A, and their ends B and C rest on a smooth 



horizontal floor. A third rod DE, of weight 5 lbs., hinged to 
AB and AC at their mid points, prevents them frorn opening 
out. Find the reactions of the hinges when BAC = 60°. 

The action of the hinge at A on AB must be equal and 
opposite to its action on AC. It must therefore be entirely 
horizontal, for if it had a vertical component, this force would 
act upwards on one rod and downwards on the other; but 
as the figure is symmetrical, the action at A on both rods 
must be symmetrical; there can be no vertical component. 
Let the components of the reaction of the hinges at D and 
E be X 2 , Y 2 ; these forces will act in opposite directions on the 
rods AB and DE, AC and DE. 

It is obvious that the horizontal forces (X 2 ) on the rod DE 
will act outwards, and that the vertical forces (Y 2 ) will act 
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upwards • but if we put them incorrectly on the ^agTam, 
they wtll appear with a negative sign when the equation. 

^Th^ reactions at the ground will be vertical. , rea ctions 
Taking all the rods together as one system, the reactions 
at the hfnges will disappear, and we have, resolvmg vertically, 

2y,= 45; Yi— 22-5. 

Taking the rod DE, and resolving vertically, we have 

2Y 2 + 5=0 ; Y 2 = -2-5. 

This shows that the direction of Y should be upwards on 
DE and downwards on the sloping rods. 

Consider the equilibrium of AB alone. 


X, A 



Resolving horizontally, 

Xi + X 2 = 0; Xi=-Xao 

Vertically, Y 2 + Y 1 =20. 

(This we have already obtained.) 

Taking moments about the mid point, 

sin 60 = Y, a cos GO ; 


Xj = Y, cot 60 = 


( 22 ;5) = 13 = -Xg . 

V3 


F.8. 


Q 
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reaction at D = Vx 2 2 + Y 2 2 = + 2-5 2 -13-26 lbs. 

Reaction at A = 13 lbs. 

Reaction at B = 22-5 lbs. 

Example 3. A hollow cylinder, radius 1 inch, weighing 
4 oz., is open at both ends, and is placed on a smooth hori¬ 
zontal plane. Two equal balls, radius J', are then placed 
inside the cylinder. Find the weight of these balls, if the 
cylinder will just not upset. 

Since the cylinder is about to upset, the reaction ot the 
ground will be entirely at C. 




FlO. 230 (6). 


The forces on the cylinder are : 

R due to the upper ball, S due to the lower ball. 

4 oz. the weight of the cylinder and N the vertical reaction 
at C. 

Resolving horizontally, R-S = 0; .\ R=S. 

„ vertically, N-4=0; .-. N=4. 

Taking moments about C, 

R.(3 + 2sin 0) -S . f = 4.1 ; 

.-. R . | sin 0=4 ; 

• R-_!— 

3 sin 0 

Consider the forces acting on the upper sphere. 

Resolving horizontally, R = P cos 0. 
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Similarly for the chain wheel, Pp=Tr a , where p is the length 
of the crank. (Fig. 238 (a).) 

. . r —-• 

hP 

Now r± revolutions of the chain wheel = r a revolutions of the 
back wheel; .'. if g is the gear of the bicycle (see p. 66, Ex. 12), 

. 2rrp = vg ; .\ P = ^ = ^, since F = R. 

r x 2p 2p 

If the action of P is considered to be entirely vertical, we 
have, by the principle of work for one revolution of the pedal, 

_jt^R 


2P. 2p = Rirg ; 


P = 


4 p 


Supposing the resultant air resistance to act through G, 
we have, by resolving for the whole bicycle, 

Horizontally, R = F.(1) Vertically, X + Y = W.(2) 

Taking moments about G, if A is the distance of G from the 
ground, Fh + Xc = Y & ; r^ = y6- Xc.(3) 

Hence, from (2) and (3), we get 

W&-RA 


Wc + RA 
c + 6 


X = 


c+b 


EXAj 


ui 


PLES XXX. 


1. The rectangle A BCD represents a vertical section through 
the c. of a of a board which rests in the angle between a 
smooth wall and floor, with A in contact with the wall and B 
on the floor. AB = 20", BC = 40". A horizontal string at D, 
fastened to the wall, maintains equilibrium. If the board 
weighs 10 lbs., find the tension in the string when BC makes 
50° with the horizontal. 

2. A gate, weighing 150 lbs., is supported by two hinges 

3 ft. apart, in such a way that the lower hinge takes all the 
weight. If the vertical through the c. of g. is 2£ ft. from the 
line of the hinges, find the reactions at the hinges. What will 
these reactions become when a boy of 10 stone sits on the gate 

4 feet from the end that is hinged ? 

3. A uniform rod AB, 4 ft. long, weighing 4 lbs., can turn 
freely in a vertical plane about A. A weight of 5 lbs. is 
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w'thB 'be£w B A a by a ho ZtntaUorcc P 

Find the ten.cn i l this string and the reason at A.^ 

4 . Two uniform beams AB, AC, each t.^h a smoo th 

at A and placed in a vertica p am points of the beams. 

“S”. 1 * » «&TJ3tiS4 
SVSiS USS. 1 ?™"« 8i 

■“i: £ r* a: sttsssv-.- — “ j; 

tension in the string is 

.. i ap» rp CD each 1 ft. long, are 

0. Three uniform rods AB, BC, v, ^ in t ] lC same 

jointed at B and C, and ate p • ^ t h ree ro ds are hori- 

horizontal line in ® ucll .®L ' , y . b fin( j how far apart the pegs 

must be placed, and find h weig hing 1 lb., are 

7. Two uniform rods AB * > in a vertical plane 

Sd 41 " Find^ wile re ^vertical' force P must act on BC so 

that both rods may be horizontal. orizonta l rad DE by 



, flip rail (coefficient p)- The 

friction between the pegs moves when a force P 

carrier supports a load W, and jusv 
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is applied horizontally at a point C vertically below the mid 
point of AB. AB = 2a and the distance of C below the top 

rail is d(d<-^j. Find the values of P, and of R x and R 2 the 

vertical forces between the pegs A and B and the rail. Show 

that?i=5±4 (C-S.C.) 

R 2 a-fid 

9. A vertical rod, 3 ft. long, weighing 2 lbs., passes between 
two rings and rests with its lower end on a smooth plane 
inclined at 45° to the horizontal. If the rings are 1 ft. and 
2 ft. from the lower end of the rod, find the pressure on each 
ring. 

10. AC, CB are two uniform beams of equal length, and of 

weights w and w' inclined to the horizontal at an angle a and 
pin-jointed at C, the ends A and B being hinged at two 
fixed points at the same level. Find the pressure between 
the two beams at C. showing that its horizontal and 
vertical components are respectively cot a and 

11. Two uniform rods AB and CD, each of weight W and 
length a, are smoothly jointed together at a point O, where 
OB and OD are each of length 6. The rods rest in a vertical 
plane with the ends A and C on a smooth table and the ends 
B and D connected by a light string. Prove that the reaction 

at the joint is tan a, where a is the inclination of either 
rod to the vertical. 


12. A uniform plank AB, 12 ft. long, weighing 80 lbs., 
rests with A against a smooth wall and B on a smooth 
floor, at 50° to the horizontal. A rope tied 3 ft. from 
the bottom of the plank is fastened to the bottom of the wall 
and prevents the plank from slipping. Find the tension in 
the rope. 

13. Two equal frames AOC, BOD are supported by hinges 
at C and D, and are connected by a smooth joint at O. AOB 
is horizontal, AC and BD are vertical. AB = 100 ft. O is 30 ft. 
above CD. The weight of each frame is 50 tons, and the dis¬ 
tance between their c. of a. is 80 ft. ^Tien W (20 tons) is 
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&°b n y A BO D P on 

p” TC that 3X - 5Y = 50, and find X and Y m terms of p. (C.U.) 



14 - tfJT43 £ 203 ?™* 

l e oirpegs which - 3 n ft %a,t. 'Kind .be -ct.ons at 
8 X 5 d T C hL e tu”l d r :rAB, BC, joined at >V B and 

iS^ST oUaT'sc ^ C is bob W o the peg. H -Ch tod 

weighs 2 lbs., find the react, on at tin ll(jnMntal 

16. Six equal cylinders a 1 « the ]oWCSt roW , then 

plane with their axes pamD 1Q , bs <in d the least hon- 

two and one above. II‘ at 1 t u c two outside bottom 

zontal force which must be ay 1 pressures between 

cylinders to prevent collapse, and find "ic 1 

the cylinders when that force 13 II ' , t j |j R ht 

»•The slide D can cove the wall 

rod AB. Another light rod is nmg 
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at C. If the weight of the slide is W, prove that when P, 
acting at right angles to AB, maintains equilibrium, 

P _ (AD)(DE) . 

W (DF)(AB) ’ 

DE being the perpendicular from D on AC and CF the per¬ 
pendicular from C on AB. 

18. Three uniform rods AB, BC, CD, whose weights are 1 lb., 

2 lbs., 1 lb. and lengths 1 ft., 2 ft., 1 ft. respectively, are jointed 
at B and C and placed on a smooth cylinder, so that BC is 
horizontal and the plane of the rods at right angles to the 
axis of the cylinder. If the radius of the cylinder is H ft., 
find the reaction at the joints. 

19. AB, CD are two equal uniform rods, which can turn 
freely about A and C respectively, AC being horizontal. To 
B and D are fastened the ends of a weightless string, which 
passes through a ring R, whose weight is half that of either 
of the rods AB, CD. Show that if in the position of equilibrium 
AB and BR make angles a and respectively with the 
vertical, then tan ^ = 3 tan a. Find the tension in the 
string. 

20. A series of 5 equal uniform rods are jointed together, 
and one extremity of the series is fixed. Each rod, except 
the one with a fixed end, lias a support placed under it, so 
that the rods rest in a horizontal position and the pressures 
on the supports are all equal. Show that the point of support 
of the 3rd rod from the fixed end divides its length in the 
ratio 2 :7. 

Concurrent Forces in Three Dimensions. 

Experiment Fasten three strings to the ring of a kilo¬ 
gram weight, and carry these strings over three well- 
mounted pulleys not situated in the same vertical plana 
Fasten weights P, Q, R to their extremities, and adjust 
until the system is in equilibrium. 

On a sheet of drawing paper placed on the table below, 
draw the projections of AB, AC, AD. 
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Find the angles a, ft V which AB, 
with the vertical, and draw OP, = P sm a, OQ, — Q sin ft 

^Sho^by drawing a triangle of forces, that OP„ OQ„ OP, 

represent a system in equilibrium. 

Show also that P cos a + Q cos /3 + R cos y ■ 

If we take O as origin and draw two axes OX. ° Y at 
angles to one another in the horizontal plane and 



right angles to the plane, « bavj, aIld 

the resolved parts of OR lf 1 
Z the vertical components of P, Q. - 

x = 0, Y=0 and Z-W. 

i illustrates the method of dealing 
The following example iHustrat rcd uccd to 

with three concurrent forces when they 

a system of coplanar forces. fastened at O 

Three light ° f Zlnlsfe, C on a horizontal rough 

and placed with their other 
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plane, so that ABC is an isosceles triangle. BC = AC =5 ft., 
AB = 6 ft. If a weight of 20 lbs. is hung from O, find the 
thrusts in the poles. 

o 



B 

FlQ. 241. 


The resultant (R) of the thrusts along AO and BO will, 
by symmetry, bisect the angle AOB and lie in the same 
plane as W and OC. 

Solution by Calculation. 

Since 0A = 0B = 0C, O will be vertically over the centre 
of the circumscribing circle of ABC. 

Hence EC = \ 5 -. 

If P be the thrust in AO and in BO, and Q the thrust in 
CO, we have : 

Resolving vertically, 

Q cos /? + 2P cos a (cos y) = 20.(i) 

N.B. —If 0 A, OB are inclined at an angle 6 to the vertical, 
we may write Q cos/3 + 2P cos <5 =20 instead of (i). 
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Resolving horizontally in the plane DOC, we have 

Q sin /? = 2P cos a sm . . \ u i 

By calculation, we find OE = 51, OD =3s/3, DC =4. 

Equation (ii) gives Q = il p - 

Hence P =9 2 lbs., Q =5 2 lbs. 

er Rnr'bytawing, the altitudes OD and CD of the tri¬ 
angle AOB ACB Draw the triangle DOC. Construct the 
triangle of'forces for the three forces, 20 lbtt, O and the 

P, the thrust in AO and BO. 

EXAMPLES XXXI. 

1. From three point* A B C in . 

an equilateral tangle sul^ togK * th ftt Q f rom which a 

weight^f 5 U ?bs. is hung. Find the tension w .thr stnn^ ^ 

2. A tripod consisting of 3 jjh #re t .‘ UB |,/inclined 

to K-Kd "tleir e^s he on a cire.c of 0 ft. -has. 
Find the thrust in the struts. ^ ^ ^ fixcd wUh 

3. Two spars AB. AC. eac ' . J a , p ] ane , and A is tilted 

C and B 10 ft. apart, on a h - 1 \, t . ing supported by a 

over until it is 15 ft. abo\e 1 ’ um j equidistant from 

backstay AD fastened to ° t ^ n8 j s suspended from A. 

B and C and 40 ft. from BC - trns ion in AD. 

find the thrusts in the spars a.ul H , bs is 

4. A horizontal wire stretched to » 2 .[ 'ft. high, which has 

fastened to the top of a wrfical P ^ n(?d to the ground at 
two back guvs, each 40 It. S» gjtuatcd with respect 

points 20 ft/apart and ■»- “K“n these guys if 
to the horizontal wire. Find , p 

there is to be no horizontal pull on t ] 
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5. A tripod is formed of three uniform rods of equal length 
smoothly jointed together at their top ends. It is set upon a 
smooth floor so that the feet are at the corners of an equilateral 
triangle, and the feet are joined by three chains of equal 
length. The rods are inclined at 30° to the vertical; the 
weight of each is 1 lb., and a weight of 5 lbs. is hung from the 
apex of the tripod. Find the tension in the chains. (C.U.) 

6. Three equal bars are joined together to form an equi¬ 
lateral triangle of side 1 foot, which is held horizontal. A 
sphere weighing 2 lbs., of radius 14 feet, rests on the three 
bars. Find the normal pressure on each bar. 

7. Three equal smooth spheres on a smooth horizontal 
plane are in contact with one another, and are kept together 
by an endless string in the plane of their centres, just fitting 
them : if a fourth equal sphere be placed on them, show that 
the tension of the string is to the weight of either sphere as 

1 :3-s/G. 

8. A V-shaped trough of angle 60°, with a vertical triangular 
end, has its side faces inclined at 60° to the horizontal plane. 
A smooth sphere weighing 1 lb. is placed in it, and the trough 
tilted until its parallel edges make an angle of 25° with the 
horizontal, so that the sphere rests against the triangular face. 
Find the pressure of the sphere on the side faces and on the 
end of the trough. 

Frameworks. Method of Sections. 

If it is required to find the force in any part of a frame¬ 
work without making a complete graphical solution, we 
may employ the method of sections. 
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Suppose we require the force in the rod DE in the above 

framework. „ , , • , 

If we can draw a line through the framework winch 

does not cut more than three bars, including DE and 

these bars do not meet in a point, we may write down 

sufficient equations to determine the stresses in 

bars. 


Resolving horizontally, p + R + 2 ' 


Vertically, 


4s/3 


|+Q-^=2; 



FIO. 243. 


Taking moments about D, 


P.>/5+g.2-0. 


Hence p =and R = 2v/3; 


P therefore acts towards c, and Q towards D, both being 
struts. 

N.B. This method can only be adopted ,f lh ° 
cuts not more than three bars which do not meet m a pent. 
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EXAMPLES 5 


i 


1. The framework consists of three equilateral triangles 



Find by the method of sections the forces in the bars BD, BC 
and AC. 

2. The sloping bars in the N girder are inclined at 60° to 
the horizontal. Find the forces in the bars CD, CE, FE. 



3. CAE = EAB = 15°, BE = AE. BE, BD are inclined at 45° to 

the horizontal. 
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Find the forces in AB, EB and ED. 



4. The bar CB is at right angles to 
Find the stress in the rods BE, BD, CD. 


AD at its mid point. 
(Fig. 247.) 



6. Find by the method of seetio^ the s.ressee^ 
and CD when £ ton is placed at D. B 


in AB, BC 
CD =4 ft. 



Fio. 248- 



bridge is made up of 
at their extremities. 
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each being 10 ft. long. From H and K on the vertical piers AH 
and GK, 20 ft. below the level of the bridge, struts HB, HC, HD, 
KD, KE, KF support the joints. If each joint carries a load of 
1 ton and the stresses in AB, FG are taken as 2 tons each, find 
by the method of sections the stresses in HD and CD. 


General Conditions of Equilibrium. 

Graphical Method. To find the resultant of the three 
forces X, Y, Z acting on a rigid body. 



Draw a force diagram ABCD, representing the forces in 
magnitude and direction, and take any pole O. 

Join OA, OB, OC, OD. 

Through a, any point on X, draw ad parallel to AO and 
a/9 parallel to BO, cutting Y at /9. 

Through /3 on Y draw fiy parallel to CO, and so on. 

Join AD. Through 6 draw dtj parallel to DA. 

The given forces X, Y, Z are equivalent to 

AO (1) along ad, OB (2) along /3a, 

BO (2) along a/3, OC (3) along y/3, 

CO (3) along /9y, OD (4) along yd, 
t.e. to AO along ad and OD along yd. 
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These, by the triangle of forces 
through S parallel to AD, which is 


AOD, are equivalent to AD 
therefore the resultant of 


the given forces. . 

Note 1. If Z had been equal, parallel and opposite t 

the resultant of X and Y, we should have 
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X at a is equivalent to 

AO (1) and OB (2). 

Vat/J „ B ° (2) ^ co S' and OA (1). 

2 s7that the system reduces to two unlike e q ual parallel 
“ is °pen c but the force po.y- 

gon closed, and the given s> stem re system, 

th^ h^" f^e I q ua, - opposite to the 


F.8. 
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resultant of X, Y, Z and acting along dt], both the force 
polygon and the link polygon would have been closed, 
and there would have been no resultant force. 




ui 


PLES XXXIII. 


1. Draw a square ABCD of side 2". A force of 3 lbs. acts 
from C to A, 5 lbs. along AB, 4 lbs. along BC and 4 lbs. along 
ED joining E, the mid point of BC, to D. Find graphically 
the line of action and magnitude of their resultant. 

2. ABCDEF is a regular hexagon of side 2". A force of 
4 lbs. acts along FA, 6 lbs. along CB, 4 lbs. along BE and 5 lbs. 
along DF. Find graphically the magnitude and line of 
action of the resultant. 

3. A number of strings are knotted at B, C and D, and pass 
over smooth pulleys at A, E and F. The weight hanging at 



A i8 100 grams. Find graphically the other weights, given 
that the inclinations of the lines to the vertical are AB 30°, 
BC 45°, CD 50°, DF 40°, and that CDE = 80°. 

4. Three forces act on a rigid body along the sides of an 
equilateral triangle whose side is 2", 4 lbs. along AB, 5 lbs. 
along BC and 3 lbs. along AC. Find graphically the magni¬ 
tude and line of action of the resultant. 

Solve also by calculation (see Ch. VI. p. 168). 

5. Forces of 2 lbs.. 3 lbs., 4 lbs. act respectively along the 
sides AB. BC, CD of a square. Find their resultant graphically, 
and hence reduce them to a single force through A and a 
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couple. State the moment of the couple if the side of the 
square equals I foot. 

6. Along a line AE mark off AB = BC = CD = 
pose forces P = 3 lbs., 0,-2 lbs., R = 2-5 lbs., S 





:DE = £". SUP- 
= 2 lbs., T =3-5 
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lbs. to act upon a rigid body as in the figure. Fmd graphi- 
cally their resultant and the d.stance from A of the point 
where its line of action cuts AE. 

7. If all the forces acting on a rigid body known except 
three, and it is known that these thiet ac a.< r-■ b r ()Un j 
(not concurrent), the magnitudes of these i 

so that the system may be in equihbnum. G 

sw SSrf 

Tf T a "d S mLt at X, their rcsu.tant must 

aC DrIw K th 0 c X tnan R .e of force, for tire rrsuIfn.^P -J Q. 
the force R and a force along OX. Hence find S and T 

8. Forces 1, 2, 3, 2 act along four consccutje^^h^AB, 

BC, CD, DE of a regular hexagon in order. ^ I 

the magnitude and line of action of their resultant. 





CHAPTER X. 


FRICTION. 

The following examples illustrate methods adopted when 
dealing with more difficult questions involving friction. 

Example 1. AB represents a ladder resting against a rough 
wall at A and on a rough horizontal plane at B. To determine 
how far a man may ascend the ladder before it slips. 



FIG. 253. FIG. 254. 

Let A be the angle of friction at A, and A' at B. The resultant 
action at A can act within the angle DAE, and at B within the 
angle DBC. 

If the vertical through G, the c. of o. of man and ladder, 
cuts the quadrilateral EDCF, equilibrium may be obtained. 

When the ladder is on the point of slipping, both at A and 
B, the vertical through G will pass through F. The man may 
therefore ascend until the c. of o. of man and ladder is vertically 
below F. 
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friction is in action at C and E, and for equilibrium the 

line of action of p must pass through O. 

x 


Then 


AM = 


- +o 

AG + AB n 


x 


This requires that fi =s*jvi l a 


x + afjL 
' 2/x 

where c is the distance 
c 


between the two handles. # . 

If the drawer does not jam at first when x = b, it is 

therefore likely to jam when the drawer has been pulled 
out some distance. 

If «<-, the drawer will slip even though P acts at a 
distance from A greater than x cot X. 


Analytical Solution. 

Resolving parallel to AB. we have 

R =R 1 . 

When the drawer is on the point of moving, 

F=/iR and F 1 =/tR 1 ; 



Fig. 250 


The drawer will open if P>F + F t >2F. 
Take moments about E. Let DE be x. 

Fa + Rr = P . AM ; 

„ Fa + Rx 

P = AM ~* 

AM 
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• c Fa + Fta ^ 9 p 

The drawer will therefore open if 


i.e. if 
or 


/zRa + Rx>2AM(MR) 
x +a/x 


AM < 


2/i 


whatever the value of fx. . • 

If AM is given, the condition for the dra 

X _ 

/a> 2AM -a 
x 

>c’ 

d "r.; ££*—. ■ 

r t r^hIyUfbe fi ™Sd n J in intact 

in the String which 

against “n^and'^ therefore greater 

the same side of the . vertica t »roug ^ weight of the pulley is 
Resolving vertically, R = P+ W - ^ 
neglected.) 

Taking moments about , friction; 

Pr = Ra sin A + Wr, where A is t he nng 



Fig. 257. 


W(r + a sin A) 
p ** sin A 


I 


with its axis vertical. , on fwn 

Example .. » .rf-* - »“'.tS ST*-* 

rough vertical boards hing< gaue ezed out unless its axis 
Prove that the eyhnder carino ^1 than r co3ec A. 

is at a distance from the Une oi 
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fn J be I ! eactl0 .“ “* each P 0 >nt of contact being R, these 

bow t b b a “ Ce lf , the - T acfc aloD « the mme Iine ’ no matter 

S inn,no ! I" "“'ll be ' " hen the cylinder is on the point of 
slipping, each resultant reaction makes an angle A. with the 



rne distance of c from O is then r cosec A. If the 
renuil ° , tha " thi8 ' the resultant forces '"U 

(7r3! to he a rV ang ' e to ,he normaI greyer than A, in 

Tl elnve , "! U,hbr, : lm ' " bid > w i'l bo impossible, 
bicvc o J ?” abo , vc i8 iHnstrated by the action of a 
toothed Wl „„3 fr k C r";t 0Cllng - Tbc obnin drives the inner 
wheel. h ' ° * hc ° Uter rin e is connected to the driving 

WhCn thc bicyclc ‘ 8 driv ™ to the left, the ball bearings jam, 




Fio. 2o9 (a). 

rotateto fhHcft° n th ° cha,n wheeI makes the outer wheel 

When frce-wheclincr tl.o i,„ii . , 

spaces between the Tooth ,n r ? r ° ™ niQd . ,nto the wider 
rotate while the inner whe^l is at r ^ t ° U nn * continue8 to 

contact 'with ^he^miteVrinre^t^Aan r0, !f r ’ where if is in 
will jam if 0 is not greater*than 2 A ^ h ° tCeth at B ’ the roller 

pressure an/'the hiehon'willT / he rcsil,tant of the normal 

ICllon " lH balance all other forces acting 
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on a body, so long as the resultant of these other forces acts 
within the angle of friction. The normal pressure may increase 
indefinitely (up to breaking point), and therefore the resultant 
of the normal pressure and maximum friction can increase 
indefinitely; but its direction is limited, since it cannot make 
an angle with the normal greater than tan 

Example 5. Two equal rough cylinders of weight W .are 
placed upon a horizontal plane with their axes para < aiu a 
plank of weight W' is laid 
across them perpendicular to ^ 

their axes, so as to project ( ) 

equally beyond each. The ^7 \ 

plane is then tilted about a l J 

line parallel to the axes, while 
the upper cylinder is held ^ 
fixed. Prove that if n is the - 

• • • r i . .1. _ 


same at all points of contact, 
equilibrium will he broken when 
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1 /' W ' 


* - ^ . _ j n vv 

the inclination of the plane to the horizontal is tan 2w > + w 

Consider the lower cylinder. nrevont 

The friction forces at A and B will botlb .ac so as to pn.vent 

motion at these points if possible, t.e. o> vu < Hence 

and will intersect vertically above the centre at H. 

ABH> BAH. 

the cylinder is more likely to slip a ‘ 

R ^ 



FlO. 261 (n). 


▼ W 

KiO. 261 ( 0 )- 


n , u clear irom the diagram that 

Consider the beam. It is cie. B . 

QCK<QBK. Therefore C is more likely to . l 


264 


STATICS 


Hence C will slip before B and A ; and when equilibrium is 
limiting, the friction at C will be [x R. ’ 


fiR =W sin a +S for the plank, 

Rj + R =W' cos a, 

R =R i (taking moments about G). 
For the lower cylinder, S, + S = W sin a, 

S=Sj (taking moments about 
the centre). 

He„ce = 


t.e. 


tana= 2w'Tw 


EXAMPLES XXXIV. 

h *l i r ’ ght C h Ular COne ,’ verfcical angle 2a, rests with its 
w K and S ^ or,zon , tal .p |a “ ; a string is attached to its 
inmf ■ “ pul,ed »' a liorizontal direction rvith a gradually 

“a S >iT;iirrde‘ hatl if “ be <A ’ the 

nofntt 1 I”* 8 ° n J rot ‘? h horizontal plane, and ita highest 

SXt&ZZiff “• 

pafilllVtoIrftid 0 ^ h •*?“* 8 in - from a 8,nooth wal1 and 

weit-hs 1(1 I s I Tftl 1 d ’l' Vh,Ch ,'rT n and resta a 8 ainst the wall, 

100 Il)s without fl ( v*a ^ /*“/ rom ^ ront to back and weighs 

between e bov n H t the ,eas * «*<**»♦ of friction 

CUl thC b0X and the floor necessary to prevent motion. 

each weighing 4 oz., are connected by a string 

piaced^throuch 8 the r H P ° g ‘ f uniform bar > weighing 10 lbs., is 
that the least nn ri ai ?^ sll PP°rted horizontally. Prove 
.s ton-1 2 Mf tSo p i* Str,n % c ? n mak e with the horizontal 
the rinp isbl hC CWfhC,Cnt ° f friction a» nri and 
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5. A boy of weight W, standing on a sheet of ice balances 

himself by means of a chair of weight W\ but does not lean any 
of his weight upon it. Assuming the ueig 1 <> ^ 

act halfway between his feet and his arms, prove that he may 
incline his body to the vertical at angle tan 2p, if W >W, but 

only at an angle tan" 1 ?^, if W> W'. /z is the coefficient of 
friction between the boy and ice and between chair and ice. 

6. A bracket is supported by two rings 6 in. apart which 
slide on a vertical rod. If the diameter of he rod ,s 4 im 
prove that the bracket will slide down unless the vertical 
through its o. of a. is more than 5J in. from the nearer edge of 

the rod. = 5.) 

7. A reel of cotton has ends of radius 1 in., and the cotton 

is wound round a drum of radius J in. If thc f " el ‘Lch leaves 
zontal plane and is pulled along oy ie » ro j| 

the reel at 0 to the horizontal, prove that the reel will roll 

forwards or backwards, according as cosO^i- 

8. A weight can be supported on a rough inclined pUne by 
a force P acting along the plane, or ^ a 

lj * - . where 


sec 2 <t> - P 2 


horizontally. Show that the weight is 
<f> is the angle of friction. 

9. Two equally rough pegs A and B are fixed in a smooth 

wall, B being higher than A, so that A h .-osts 

the horizontal. A long heavy stick ,s placed so ^thatd lests 

on B and presses against the hum sin • y;,,,! the least 
of the stick is at a distance from B equal to AB. hind the Ira. 

value of if the stick does not slip. 

10. A square board A BCD rests in a vertical1 pianofright 
angles to a rough wall, with which A * s 1 ” 1 ° j f CO efl\cient8 

ported by a rough peg beneath BC,clos • e f in( l its 

of friction at the wall and at the peg horizontal, 

least value for equilibrium to be possible with BC hor.zonra 

11. When a bicycle is on the ft tmilu^gmunih 

c. of o. of the bicycle and rider, which • f f rom the 

is b ft. from the centre of the front wheel and a it- 
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back wheel. If fi, the coefficient of friction between the ground 
and the back wheel, is <~, prove that the greatest slope the 

bicycle can climb is tan -1 —, ,. 

a + b-fih 

If fi>p find the steepest hill that can be climbed. Can 

the bicycle climb a steeper hill if the rider leans forward over 
the handle-bars ? 



12. A window, 3 ft. broad and 4 ft. high, of weight W, is 
supported by two vertical cords passing over smooth pulleys 

and fastened to two weights, each equal to If one cord 


breaks, find the least coefficient of friction between the sash 
and the window, in order that the window may not slide down 

13. A ladder 20 ft. long, with its c. of g. 8 ft. up, weighs 
60 lbs., and rests at an angle 0 to the ground, against a smooth 
vertical wall. The coefficient of friction between the ladder 
and the ground is 4. Find the least value of 0 which will 
enable a man weighing 140 lbs. to reach the top without the 
ladder slipping. 

14. A heavy block is supported on two rough wedges, the 
wedges resting on a rough horizontal table, fi is the same for 



block and wedge as for wedges and table. Show that the block 
cannot cause the wedges to slip unless the angle 0 is greater 
than twice the angle of friction. (C.U.) 

15. A heavy uniform beam AB, 10 ft. long, rests on rough 
ground, and a force P acts parallel to the ground at right angles 
to the beam at B. Assuming that friction acts equally along 
the length of the beam, and that when P is gradually increased., 
the beam will turn round some point in its length, prove 
that the distance of this point from A is 2-93 ft. 
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16 The maximum slope on which a four-wheeled truck can 
etand when all wheels ate locked is a. When only the upper 
pair is locked, the maximum slope is /?, and in this case the 
vertical through the c. of o. cuts the line joining the axles in the 
ST: 2 Prove that tan = A tan «, if the wheels are small. 

tZ fZ angle of 

friction between chain and plane is 20 . 

18 A uniform ladder 30 ft. long is being lowered from a 
vertical position by two men, one pushing in a direction per- 
pcmhcular to'the length of the ladder at . P o,nt on he 

s>-«vrr 

“»* . r . ; 

sysr.fi* ^ris^ssesAs 

with one end on the ground a position is just 

lowest line of the cylinder. If the p a k in 

on the point of slipping down agan > implied to the 

find /and find what horizontal force must be »^to ^ 

lower end of the plank to make it just begin - I 1 (C g c } 

Cy ^ow that a sash window of height *, counterbalan^d 

by weights, cannot be raised ot h liatall ^ f ro m the middle 
unless it is applied at a point whose distance 

»<*, where M is the cocir,cic»t of friction between the 
movable window and the frame. If a cord breaks, show that 
the window will fall unless its width is > ^ 

SSL A small ring, weight W, is strung on a rough circular 
hoop of weight *, radius a, and the angle of friction is X. The 
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hoop iB hung oil a rough peg. Show that the hoop will be in 

equilibrium with its centre at any distance >£osin A. from 

the vertical through the peg, if the coefficient of friction between 

i j u 4 sin A. 

hoop and peg be < ^ 

22. Two uniform rods AB, AC, of weights W and W', are 
rigidly connected at A, and AB is placed over a peg. Show that 

there is in general a length— — —, p\i on AB, such that if the 

W + W 

peg touch AB anywhere within this space, the system will be 
in equilibrium, where p is the perpendicular on AB from C 
and /j. is the coefficient of friction. 

23. The figure represents a horizontal block of wood ABCD, 
6 in. by 18 in., which slides in a groove in a vertical block 
PCJRS, which is also 6 in. broad. Suppose that the block ABCD 
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is in contact with PCJRS only at the points D and E. Find the 
greatest angle through which the block PQRS can be tilted 
in the direction of the arrow without causing the block ABCD 
to slide. (// = 0-25.) (C.U.) 

24. A uniform beam AB of length 2a lies horizontally on 
two others at right angles to it, touching one at A and the 
other at C, b ft. from A. A horizontal force P is applied at B 
and the beam turns round either A or C. Prove that the least 


alue of P is the less of the two forces * and . 

2a -b 2 


25. A uniform rectangular board ABCD rests with its corner 
A against a rough vertical wall and its side BC on a smooth 
peg, the plane of the board being vertical and perpendicular 
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to the wall. Show that the peg may be moved through a 
length 1 +2V ' 3 without destroying equilibrium, where BC is 

inclined at 60° to the vertical. (AB = 1 ft., BC = 2 ft., n = 5.) 

26. When an axle of radius a revolves on bearings with 
which it has a coefficient of friction equal to tan A, show hat 
the resultant reaction acts in a line which is a tangent to a 

concentric circle of radius a sin A. 

The bell crank lever shown in the figure is mounted ai 
axle of 3 in. diameter, and is subject to a vertical force Q, 
5 in. from the centre, and a horizontal force P, 6 in. fi 
centre. If u = tan 30°, find the va ue of P when just able to 

overcome a force Q, = 10. (Fig* 264.) ' 




27. Three equal rough cylinders ar;a in centact witth one 

another and with a rough horizontal plane, i s Show 

all surfaces in contact being supposed equally rough. 

that, if the coefficient of friction be equal to 2 ^ 

upper cylinder will be on the point o s MM r ... 
the lower cylinder which will be on the point of tolling 

the horizontal plane. (Fig. 265.) 

28. Two circular cylinders of unequal radii real ; on a^ough 

horizontal plane with their axes parallel, an< ° r olT0 

rough uniform beam of weight W. being supjtoi !• j lo 
parallel to its length. The axis of the beam » 

the axes of the cylinders and inclined at a o 

plane; prove « 

1 p = W tan ~. 





CHAPTER XI. 

CENTRE OF GRAVITY. 

Graphical Method of determining the C. of G. 

The method of finding the line of action of the resultant 
of a system of parallel forces given in Chapter VI. enables 
us to determine graphically the position of the c. of G. of 
a body. 


i* 
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Draw the force polygon abed for the weights of the three 
parts of the figure, then the link polygon a, y, and hence 
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determine the point through which the resultant of the 

three parallel forces will pass. . i 

When the figure is of irregular shape, a line « drawn 

across it at ri^ht angles to two parallel tangents at the 

ZZeXes This fine is subdivided into a number of 

Tt rAS of these subdivisions, lines are dmwn 
across the figure, parallel to the tangents. The weigh 



the six portions are 

of the lines so drawn, and a force poj* ^ ^ 

The figure is t^ptasulwBvided 

at right angles to th « . determined. 

resultant of the parallel f g resultants will be 

The point of intersection of the two res 

approximately the c. of G* figure may 

The coordinates of the c. of g. ot an b 
be obtained by calculation in the follow* g M into 

The figure, when drawn on squared paper, is 

strips by the lines parallel to t C ^ X1 ^' fc 8 ides. 

«,p....- 


These strips are ot equu - —t g considercd a3 

Each strip of the figure, s lernith of FK, midway 

being of a uniform length, equal o strip is taken 

between BC and DE, and the c. oi o. 

at Gj, where FG 1 = GiK. 


V Cl 


a 
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Since X = ^ and w,=(l'4)(-6), z,=(-7), 

Wo = (FK)(1) = 2-6, x 2 =1*5, etc., 

(l-4)( : 6)(-7) + (2*6)(1 -5) 4- (3*9)(2*5) + (4-2)(8-5) 

_ +(2-9)(4-o) + (l-5)(-8)(5-4) 

X (l-4)(-6) + (2-6 + 3*9 + 4'2 + 2 9) + (1 o)( 8) 

= W = 31. 
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Also, R -0,N-™+i™- + +^ 1 -l'-S7, etc.: 


v — 


(14)(-6)(2-4) + (2 6)(‘2-7) + (3*9)(3*25) + (4 2)(2*8) 
_-M2 9)(2 85) -h (15)(-8)(3 35) 


45-76 

15-64 


(l-4)(-6) + (2-6 + 3-9 + 4*2 + 2-9) + (l-5)(-8) 


= 2 93. 


7/ could also be found by considering the figure to be 
divided into strips by the lines parallel to the X-axis. 
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If each strip has the same width the areas may £ com 
correctly termed Centre of Area or Centroid. 

“i‘r °J *— * “”■>»■* - b - “*• 

mid point. 
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x = --- 8 + 04 


28-3 

8-4 


= 3-36, 


_ rt‘7 + 2-55 + 32 + 3'6 + 3'7S + *■> + 

v -—■ 8+0 4 


• 5 + 2 - 75 + 17 )+ 04(1 1 ) 


23-2 

8-4 


276. 
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Work. 

The formula for the c. of g. is usefully applied to certain 
problems connected with work. 

To find the work done in pumping the water in the given 
vessel to the level KL. 


K L 



The water may be supposed to be removed in layers. 
Let w j be the weight of water in the thin layer CjDj, C 2 D a 
at a distance x x from the level KL. The work done in 
raising this layer will be x{W v The total work done will 
be + w &2 +... = 'Lvxx. But if x be the depth of the 

c. of g. of the water, Xwx 

.’. work done = 2w>. (x), 

which is equal to the work required to raise all the water 
from a depth equal to the depth of its c. of g. 


EXAMPLES XXXV. 


1. Find graphically the c. of G. of the given figure, 
by calculation. 



Check 


DIO. 871. 
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2. Plot the curve given by the points: 
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X 

0 

| 1 

! 4 

1 6 

7 

( 3 

y 

38 

385 

38 5 

35 3 

32-5 

27'5 


22 


190 


15 

19 

157 

no 

■ « *■ • 1 


3 85 


Find graphically tbeco^rdinates or(Hnates y = 38 and 

between the curve, the x-axis, anu 
..o.qr Check bv calculation. 

V ~l Plot a sloth curve throughthefoUo^^ 


1 


1-5 


0-4 085 1-2 


2*5 

1-37 


2 7 


30 3 5 


1-4 1 37 M5 


08 


Find the coordiliatcsoftlieC. E (3, 1). 

Fi.^thloordhiatcs of the centroid of the area. 

5 . Plot a smooth curve through the po.nto - 


X 

03 

05 

| 0-8 1 

1-2 

y\ 

20 1 

1 1-5 ' 

I* 2 ! 

11 

y-j 

2 0 

| 2*55 

| 2-9 

| 3-1 

• 




0*8 0 5 0 2 


2-9 I 2 5 2-2 2 1 


07 29 20 


Find the centroid of ne don e in bringing 

6. A shaft is 200 ft. deep. Find the u0 ll)3 . Area 

the earth to the surface if a cubic loo 

of cross-section 120 sq. U. circular base on 

7. A solid circular cylinder rests with ..U.e« g until it is 

a horizontal plane. Find the wo {t . weight, i ton. 

about to fall over. Diameter, 3 ft J w pt , foot, 

8. A uniform chain 30 ftjor > winding , t up 

hangs vertically. Find tl w ide and 3 ft. deep, is 

9. A rectangular tank 6 ft.bng^^ ^ ^ the 8 „ r facc of the 

filled from a cylindrical tank oi t of the empty tank. How 

water being 10 T tank, if 1 »• »■ ° f 

much work is done in nm b 

weighs 62 - 3 lbs. ? 
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10. Find the number of foot-lbs. of work done in drawing 
up a Venetian blind consisting of 32 laths, each {■ in. thick 
and of weight 4 oz. The highest lath is 2 in. from the top 
of the window, and the laths are 2 in. apart when the blind is 
down. 

To find the 0. of G. of a tetrahedron. 

The tetrahedron may be divided into a series of laminae 
(BjCjDj) parallel to the base. 

Let G, be the c. of g. of the A BCD. Join AG,. 

Let AG, cut the plane B 1 C 1 D 1 in K, which will lie in the 
plane ABE. 

By similar triangles, B,K : B,E, = BG,: BE, so that K is 
the c. of g. of the lamina B 1 C 1 D 1 . 


A 



Similarly, the c. of g. of each strip lies in AG,. 

Again, the tetrahedron can be divided into laminae 
parallel to ACD, so that the c. of g. of the tetrahedron will 
lie in BG 2 . 

BG 2 and AG, both lie in the plane ABE. Let them intersect 
in G. 

By similar triangles ABG and G,GG 2 , we have 

G,G : GA = G,G 2 : AB ; 

.. GiG = $GA; G 1 G=^G 1 A. 
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Therefore the c. of o. of the pyramid is in the line joining 
A to the c. of o. of the base at a point distant \ of AG, 

from Gt» , , i c ~ 

It will be clear that this is the same point as the c. ot o. 

of four equal weights placed at the angular points of the 
figure. 


C. of G. of a Cone. , 

Suppose a regular polygon to be inscribed in the circular 

base. Join the angular points to B, the c. of G. 


A 



A series of pyramids 
C. of o. on a plane parallel to the base, 

^The^mass of each pyramid is the same, so that je may 
suppose equal weights to act at t e pom s tely 

If the number of sides of the aQ( ] 

increased, the solid so formed approximates 
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the resultant of the weights at Gj, G 2 , etc., will be at the 
centre of the circle on which G lf G^ etc. lie, i.e. on the line 
AB, l of its distance from B. 

The student who is likely to proceed to the study of the 
Calculus should omit the following theorems: 

Theorems of Guldin or Pappus. 

I. The surface of a solid formed by revolving a curve about a 
straight line in its plane equals Length of curve x circumference of 
the circle traced out by the C. of G. of the curve . A solid so 
formed is called a Solid of Revolution. 




Consider the line AB rotating about the axis XY. It will trace 
out the frustum of a cone. The surface of the frustum of a cone is 

27r (~ L T~ ? ) ' AB or 2 jt(OC).AB. 

If the broken line ABCD revolves round XY, the surface of the 
figure generated will be 


+s 2 . 2ir.r 2 + s 3 2n-.r 3 + ... = 2s-[s,.r, +s 2 .r 3 +*,r 3 +...]. 
But if x be the distance of the c. of o. of AB, BC, CD , ... 


XY, we have 


from 


x . 2s = ; 


area = 2r.r. 2* 


— 2s. (path of c. of a.). 







CENTRE OF GRAVITY 


279 


The proposition will hold good however small the parts - 

may be, and therefore is true for a curve. 

II The volume of a solid of revolution formed by rotating a 
plane area about a line in its plane equals Area * c,rcu„,fe,e„ce of 

the circle traced out by its C. of G. rectangle 

Consider the solid traced out by the revolution of the rectan e .e 

ABCD about XY parallel to the side AB. 



Let 6 be the breadth (AD) of the rectangle and r the distance of 

its c. of o. from the axis. , 

Volume of solid formed = -n\r + • AB u y 2/ 

= ttAB . 2br 
=(AB. b)(2irr) 

— area x path of c. of o. 

°v ecu,, trr;T:f'i“ 

their areas are A lf A 2 , • ••> an 
from the axis, 

Volume of ro lid=A,S«' 1 +AjS’ rJr » + T 

= 2r[A ,r I + A,.r,+ ...J. 

. y v of the c of o. of the whole area, 

If x is the distance from XY of the c 

and A the total area, we have 


SAr . 
' A ’ 


, volume of solid = 2jrir. (~A) = area x path of c. 

Since an area of any shape may be *•ho.da 

of an infinite number of very smal rectangles, the 

good for a solid formed by the revolut.on of a figu, c I 
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Surface of a Sphere. 

Consider the surface formed by the rotation about AO of the 
chord PQ, of a circle. 

Area = PQ.2ff.(RC) 

= PQ. 2-. OR. sin 0=AB.^~.OR). 



This will be true no matter how small we make PQ, and will be 
true for each element of surface so formed. As the chords are 
indefinitely diminished, OR becomes more and more nearly equal 

to '■> /. area = 2-r(2AB). 

It follows therefore that the area of a belt on a sphere equals the 
area cut off by the parallel planes bounding the belt, on a circum¬ 
scribing cylinder whose axis is at right angles to these planes. 
Hence, Surface of whole sphere = 2irr. (2r) = 47rr 2 . 

C. of G. of Surface of a Hemisphere. 

If we divide up the surface of a hemisphere by equidistant planes 
parallel to the plane face, the area of the surface of each belt 
equals the area of the corresponding section on the circumscribing 
cylinder, so that the c. of o. of the surface of the hemisphere 
coincides with the c. of o. of the circumscribing cylinder, and is 

therefore from the centre along the axis. 

C. of G. of a Solid Hemisphere. 

A solid hemisphere may be considered as made up of a large 
number of equal small cones whose bases make up the surface of 
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the hemisphere, each having its vertex at the centre of the circle 

which forms the plane face of the hemispheie. 

The c of Q of each cone will lie on a hemispheric shell, "Hose 

radius will be approximately } r, and this ntdiua wdl become mo 

and more nearly equal to | r as the ..ber at cones » nnlehmte y 

increased, so that their sum approximates more and more closely 

e. of o. of the solid hemisphere,^vvhmre d,stance from 

the plane face is therefore 2 x T - 8 

C of fl of a Semi-circular Arc. ... a 0 it 

If a semi-circular wire ACB rotates about the dramete, AB. rt 

will trace out the surface of a sphcie. 

By Guldin’s Theorem, we have 

Area of sphere = are ACB x path of c. of o,, 

477T" — x 2 ir.l » 


2 r 




7r 


°'i? f a G 'semi-ci,"States about the diameter AB, it will 
generate a sphere. 

By Guldin’s Theorem, , * « ol o. ? 

Vol. of sphere = area ACB x path ot w. 01 

. * rr 3 =^-x t-s ! 

• ‘.r 2 

___ 4r 

'&7T 

examples XXXVI. 

1. A solid figure consists of aVani^ter ^^ 111,1 

hemisphere of the same mat . 11.1 liu8 of the hemisphere, 

If the height of the cone equals the radius 

find the c. of o. c • R (Wciied to 

2. The base of a solid cylin<ler, ra 'U s ^f HJl „ u . radius, 

the circular end of a solid , imler . if the solid is to be 

What is the greatest length of curved surface on x 

in stable equilibrium when it rests with its 

horizontal plane ? 
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3. Find the c. of g. of a hemispherical shell of uniform 
material. External radius 6 in., thickness 2 in. 

4. A cube, whose edge is of length 1 ft., has a hemispherical 
cavity of radius 3 in. cut in the centre of one of its faces. Find 
the c. of G. of the remainder. 

5. A semi-circular wire of radius 1 ft. is suspended freely 
from one end. Find the angle the line joining the two ends will 
make with the vertical. 

6. Prove that the distance from the centre of the C. of G. 

2 r sin ^ 

of an arc which subtends an angle a at the centre is — " a " • 

(Note that if the arc revolves round a boundary radius, it 
traces out the surface of a spherical cap.) 

7. A piece of wire 1 ft. long is bent into a circular arc, so 
that it subtends an angle of 60° at the centre of the circle. 
Find its C. of g. 

8. A thin hemispherical bowl has a circular lid of the same 
material. Find the distance of the c. of a. of the whole from 
the centre of the lid when the lid is shut. 

9. A hollow vessel is made of a hemisphere with a top the 
shape of a right cone of the same material. If the figure will 
rest in any position when the hemispherical part is resting on a 
horizontal plane, find the semi-vertical angle of the cone. 

10. A uniform wire is bent into the shape of a circular arc 
and the two bounding radii. Find the angle subtended by the 
arc at the centre, in order that the c. of G. of the wire may 
coincide with the centre of the circle of which the arc forms 
a part. 

11. A thin wire 12 ft. long is coiled up in a circle of radius 
G in. Find the distance of the c. of G. of the coil from the 
centre of the circle. 

12. A uniform thin wire is bent into the shape of an S 
formed by two semi-circles, one of radius 6 in., the other of 
radius 1 ft. Find the coordinates of the O. of G. referred to 
two axes, one passing through the centres of the semi-circles, 
the other at right angles to this line through the junction of the 
two arcs. 



chapter xn. 


forces in THREE DIMENSIONS. 

ThE two following propositions dealing with ^ 
dimensions arc immediately deduced from the parallel 0 

of forces : . . n orp T ome- 

(i) If three forces X, V, Z acting at a lccut edges 

sented in magnitude and direction >> passing 

of a parallelepiped, then the forces in 

through O represents the resultant ol the 

magnitude and direction. 



The resultant of X and V acting at O ^represented 
OD, the diagonal of the parade ogram 






284 STATICS 

The resultant of OD and Z is represented by OE, which is 

the diagonal of the parallelepiped. 

(ii) A force R acting at O may be resolved into components 
along any three given lines through O not in one plane. 
This can be done in only one way, since there is only one 
parallelepiped with OE as diagonal, having its adjacent 
edges along OA, OB, OC. 

It, is usual for the lines OA. OB, OC to be at right angles 
to each other. 

gi nce r2 =x 2 + Y 2 + Z 2 , it follows that if R=0, then 
X =0, Y =0 and Z =0. 

Couples in Three Dimensions. 

In order to obtain the equations which determine the 
conditions of equilibrium of a rigid body acted upon by 
forces in three dimensions, it is necessary to show how 
couples which act in non-parallel planes may be com¬ 
pounded. 

In order to determine a couple completely, we must know: 
(1) Its moment, (2) the direction of the plane in which it 
acts, (3) the sense in which rotation is produced. 

From any point A in the plane of the couple, draw a 
straight line AB perpendicular to the plane. 



FlO. ‘_7G- 

This line completely determines the couple, if we make 
the following conventions: 
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li) The length AB represents, according to some scale, 
the number of units in the moment of the couple 

(2) The plane of the couple will be perpendicular o ie 

(3) The sense of the couple is determined by the 

direction of the line AB. which is drawn so 
that the direction of AB and the rotation 
due to the couple form a nght-handet 



screw. , 

The line AB is called the axis of the couple or 

the couple vector. would 

If the couple in Fig. 278 were reversed, the line 

be drawn on the other side of the plane. 

To tod the Resultant of Two Couples acting in Non-parallel 

The'forces of one of the couples may be clumBed 
arm is equal to the arm of the other couple, p.oud.d 



altered. (Chapter VIH 


moment of the couple remains un 
p. 19 3.) 

Let the couples now be P(AB) am Q • UIltil they 
They may be moved, each parallc 1 ()f tho 

nave a common arm AB lying along ^ .jgy (ace 

two planes in which the couples act. a^ 
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p. 194). The forces P and Q at A are equivalent to a 
force R, found by the parallelogram of forces. 

Similarly for the forces at B. 

The forces (R, R) at A and B are equal and parallel, so that 
the two given couples are equivalent to the couple R(AB). 

From any point C in AB, draw the couple vectors Cp and 
C q\ Cp perpendicular to the plane of the couple P(AB) and 
equal to P(AB), forming with the couple a right-handed 

screw. 

Similarly for C q. 

If we compound Cp, Cq by the parallelogram law, we get 
Cr perpendicular to the plane of the couple R(AB). The line 
C r will be equal to the moment R(AB), since the sides of the 
parallelogram C prq are respectively perpendicular to the 
sides of the parallelogram whose sides are P, Q. with diagonal 
R, and equal to p(ab), Ci(AB) respectively. 

C r therefore represents the axis or couple vector of a 
couple which is equivalent to the two given couples whose 
vectors arc Cp and Cq. Couples may therefore be com¬ 
pounded by the parallelogram law, and consequently 
couples represented by their vectors may be resolved into 
components in any three directions mutually at right angles. 
If, for instance. Cp and Cq were at right angles, 

Cr 2 = Cp 2 + Cq 2 . 

If the resultant couple were zero, we should have Cp=0 
and Cq =0. 

General Conditions of Equilibrium. 

Let OX, OY, OZ be three axes of coordinates at right 
angles to one another. 

A force P acting at the point A, whose coordinates are 
a-(OM), y(MN), ;(N A), can be resolved into three components 
P,, P y , P., parallel to the axes. 



FORCES IN THREE DIMENSIONS 287 

Suppose P Z to act at N, and introduce at M and at O 

two pairs of opposite forces, all of magnitu e z couple 
The five forces (Pd may now be consider*! as a c»uplo 

P r ( NM), a couple P 2 (MO) and a single force P 2 g 



, i nositive if they form a right- 

Taking the coup es ,, fhe axes , these 

handed screw with the P°“ p .. about 0 Y. 

couples are - PAy) about ■ " ^ in a sim ilar way, we 

If the other components aic tr 

get f o tocrether with the couples 

p, acting at O, togctm-i 

-p(z) about OY and +P^ S ) about OZ. 

0 f o together with the couples 

P ’^:!“-OZ»d + P„(r) about OX. 

The force P at A is therefore equivalent to P„ >V P ' 
acting at O, together with the couples 

ZPf/ - ?/P* about 0X ’ 

x p z _ z p x about OY, 
y p z _ xP y about OZ. 
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Each force acting at the various points on the rigid 
body may be treated in a similar way, and the whole 
system will then be equivalent to 

(1) X = 2P Z , the sum of all the components along OX 

(2) Y = 2Pj,, 

(3) Z = 2p*> » •> » 

These may all be compounded into a single force R 
acting at O. 

There will also be a system of couples 

(4) L = 2(2P y - yP z ) about OX. 

(5) M = 2O'P* - zP x ) about OY. 

(G) N = I.(yP x -xPy) about OZ. 

These may be represented by their couple vectors along 
the three axes and compounded into a single couple C. 

For equilibrium R = 0 and C = 0, 
i.e. X = 0, Y = 0, Z = 0, L = 0, M =0, N=0. 


This result is equivalent to stating that for equilibrium 
there must be no resultant forces along OX, OY or OZ ; that 
is to sav, the body cannot be translated in any direction. 
There can also be no moment about any of the three axes, 
so that the body cannot be rotated in any direction. 


Example 1. A circular drum, which can rotate freely round 
its axis, is acted upon by a couple of moment C, the plane of 
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which makes an angle a with the section of the drum which is 
perpendicular to the axis. To find the moment of the couple 
which is effective in rotating the dmm. 
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The couple vector AB will '""so'that A “on tt ,“*t 
of the drum, arid it may be transfc * tors aB cos a along 
It may be resolved into two coupl ^ forces 

the axis and ABsina perpendicular to the^xi .I ^ ^ 

represented by the 1 ? Mer ' vl " m pro duce no rotation. The 
axis, or parallel to it, and P a pro d u ce a rotation 

equhrahuit'to C cos a. 

Example 2. The tail board of a trap we^hs 

ib let down by two chains fas enc ^ reac tions 

with the horizontal. If one chain breaks Unci 

at the hinges A and D. AD — 4 f •> 



FIG. 1583 • 

„ X AD as axis of Y and AE 

Take A as origin, AB as axi 

Vertical as axis of Z. ainEB - X,, Y„Z, the components 

LetT be the tension m the eta^^e.lta a, D. 
of the reaction at A ; x *» J*’ , * r BA and T sin 45 vertical. 
Resolve T into T cos 45 along p ^ tUe axe s, 

We have then, by resolving pa 

(i) X 1 + X 2 -Tcos4o=U. 

Taking moments about the axes^we ^ 

% “bout AD. 

/ v ;\ 4Xo = 9 about AE. y —0 • 

- 2 r t — 20\/2 ; from (vi)> X« > 

Tdi') - ( " ) ' y ‘ +Y2=0, 
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but both will equal zero, if we assume that the hinges allow 
motion freely along AD. 

Example 3. A weight W rests on a rough inclined plane 
of angle a, and is fastened by a string to a point A on the plane. 
If A be the angle of friction (A<a), find the greatest angle the 
string can make with a line of greatest slope. 

sZ 

\ 

\ 

\ 
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Resolve W into W cos a at right angles to the plane, and 
W sin a along a line of greatest slope. The weight at B is on 
the point of moving along the arc of a circle, so that F = /<N 
will act at right angles to AB. 

Take for axes AY along the line of greatest slope, AX at 
right angles to it on the plane and AZ perpendicular to the 

plane. . 

Resolve T into T cos 0 parallel to AY and T sin 6 parallel 

to AX. 

We have then the following equations : 

T sin 0 = F cos 0, T cos 0 + Fsin 0 =W sin a. 

N = W cos a, F= hN, 
from which sin 0 = tan A cot a. 


forces in 
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examples xxxvn. 

1. The lid ABCD »f a box ^‘^the lid weighs 

kept horizontal by a vei l it AB , find the 

20 lbs., and is lunged at ^.,'30 = 2 It^ AE = BF = 3 in- 

reactions at these lunges. 

2. A door ABCD, 6 ft. h»g *> . . * AB w hich the lower 

turns freely on hinges at ELa f t hc’middle of the door 
carries all the weight. A ha«idK of 2 o lbs. at right 

2 ft. from each side, » ? ul M t in equilibrium by a parallel 
angles to the door, whicl 1 2 ft. from the top D. If 

^H=-6^..tod the components of the reactions at 

thc hinges. hj d at A and B. weighs 

3. A square trap door ABCD- ® |)V a rope fastened 

30 lbs., and is kept in a '‘"V" ‘ )} 0 ve the opposite corner A 

to C and to a point E vorh™«T^diagonal AC. Ftnd 
so that CE makes 15 "■ ' = Bc = j ft. 

the reactions at the hmg •, stand in the 

4. A. tabic ABCD. 

middle having three legs,. who. 1)arall el to AB. 

angle of side 2 ft., one side of find { hc v , lt ical reactions 

table is uniform and weighs . placed at C. 

at the feet when a weight of 10 IDs. tfi ulav piece 

5. A rectangular bracket AB ig 8Uppo rted from nails at 

ABE at right angles to it at > ^i^tiiig the weight 

A and B and touches the wal « ■ } comp0 nents of th 

the bracket, find the reaction at.E >f ^ ^ . g p ,l on the 
reactions at A and B, "h b q - 12 in., AE- BE « 

bracket at the corner C. ' , \ v „ s whose feet 

0 A vertical bar AB is supp<>i‘ *■ ^ horizontal l0< E 

form an equilateral ,nan ^[ t k equilateral triangle is * 

parallel to one of the ' f ^ wh ,„ tight is tw.sted by a 
into the top of the vertical ' » r ’ “vert ieal plane at rjgh a» 
couple of 50 Ibs.-ft. acting ‘ ^ j tripod is l r ' ,! . 

to the rod. If the total ol of t Uc feet on the ground 

acts along AB, find the press COU ple. 

for both directions of rotation om 
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7. A rectangular window ABCD, weighing 10 lbs., which 
turns on hinges at E and F in the vertical edge AB, of which the 
lower F carries all the weight, is kept open by a horizontal 
bar fastened to the bottom corner C and to the corresponding 
corner G of the frame, so that GBC is an isosceles triangle 

and GBC = 40°. Find the tension in the bar and the com¬ 
ponents of the reactions at the hinges in the plane of the 
window and at right angles to it, when the window is pulled 
by a force of 5 lbs. (at right angles to the plane of the window 
on the opposite side from CG), which acts at K on the edge 
CD, 3 ft. from C. AB = 4 ft., BC = 2 ft,, BF = AE = 6 in. 

8 . ABCD is the lid of a box which is hinged at A and at B 
and weighs 12 lbs. It is propped open at an angle of 30° to the 
horizon by a stick at C. which rests on the corresponding comer 
of the box. If AB = 4 ft., BC = 3 ft., find the thrust in the stick 
and the components of the reactions at the hinges. 

9. The axle shown in the figure is 10 in. in diameter, the 
wheel is 40 in. in diameter,and the whole is supported in smooth 
bearings 50 in. apart, A rope wrapped round the axle carries 
a load of 1200 lbs. in a plane distant 15 in. from the right-hand 



bearing, and this is supported by a force P applied tangentially 
to the wheel at the end of a radius which makes 45° with the 
horizontal. Find the value of P, and the horizontal and 
vertical components of the force on each bearing. (C.U.) 

10. When a gate is shut, the line of hinges is inclined to the 
vertical in the plane of the gate at 10°. The gate weighs 80 lbs. 
and is opened through an angle of 30°. If the perpendicular 
distance of the c. of o. of the gate from the line of hinges is 
3 ft., find the friction couple at the hinges which is required 
to keep the gate in this position. 
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U. Three equal light.rods 0£OB ,CV are 

at O, and the other ends ar - . f j ^ ase an equilateral 

to form a pyramid, whose a 1 “ , f of p) lbs. is applied 

triangle ABC of side 4 ft. A horizontal BC so tbat 

^B'-^Vrnd tl>: vertlwT*components of the forees at 

12. The barrel of a "‘.“^p^p^dNan^ntiamq 0 from 
is turned by two equal foices W t ati n „ht. angles to the 
the arm, to the handles, " I ( J j ql, e ro pe supporting 
two arms, one at each end of the Q \ tlle barrel, 

a load of 3 cwts hangs ^ am , liaIld | cs , find the 

Neglecting the weight of th , orts when the handles, 

components of the reactions at.the suppor 
winch are 2 ft. long, are inclined at 40 A 

13. A pole AB, 6 ft. long, amoothl> hmgoO ^ frQm A 

and lying across a rough lon ^ <> j perpendicular to the 
is inclined at 30° to t he horuonta on round A, it 

rail. If fi = b »how that. win-. ' ^ ()f contac t with the 

will remain in equilibrium until 1 

rail is 2\/3 ft. from B. turn freely about a 

14. A uniform rod of weig » ^ th ‘ tll0 ot hcr end in contact 

fixed hinge at one end, and all glc a with the wn l. 

with a rough vertical n' all, >^ H>re „„ the arc of a circle 
Show that this end mav * ‘ > pntre< where tan 0 = /< tana, 

subtending an angle -0 a () f the extreme i>ositions. 

Find the pressure on the "all , f> w liose centre 

15. Two equal forces Pact on ^ ^ ^ <)f two adjacent 

fl^' d Fmd the SVthat will keep the cube at rest, 
solutions.) 



294 


STATICS 


MISCELLANEOUS EXAMPLES. 

I. 

1. A circular disc of radius r and weight w is placed inside 
a smooth sphere of radius R (>r), and at a distance d from the 
centre of the disc is fixed a weight W. Show that in the posi¬ 
tion of equilibrium the plane of the disc makes an angle with 

the horizontal whose tangent is - . - - • 

(W + wOV^-r 2 

2. The figure shows the mechanism for supporting a lever 
lamp. AB, CE, EF are brass tubes, CE and EF being freely 
jointed at E. AE can turn freely in a vertical plane about D, 
the end of a fixed tube OD. M is a heavy circular disc of diam. 
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10 cms., weighing 1 Kg., serving to counterpoise a lamp 
at F. The tubes are uniform, and weigh 300 grains per metre. 
Find to the nearest mm. the distance from D of the c. of G. 
of the portion ABMCD. Find also the weight of the lamp 
necessary for equilibrium in anv position of the mechanism. 

(C.S.C.) 

3. The weight of a four-wheeled truck is 5 tons, and its 
c. of o. is midway between the front and back axles, which 
are 10 ft. apart. The truck is pulled by a horizontal force 
3 ft., above rail level. The friction at the axles may be 
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neglected. Calculate the pull required to move the truck 
(a) with all wheels locked, (h) only front wheels locked, (c) only 

rear wheels locked. Take fi= 0-4. 

4. Three uniform bars are hinged together at their en<L 
so as to make a frante in the form of an .n«ta tang c 
which is suspended by its vertex from a fixed pomt. lh<j 
weight of each side is W, the weigh o ' . , 

the°angle at the vertex is /}. Find the force a-twee the ods 
at eacfl of the lower hinges, and show that its direction 
irdined to the vertical at an angle whose tangent is 

. n 


(?*■)“" s- 


5. ABCD is a rectangular door working »» ° 

guides AB. DC. The weight of the door is 0-72 ton* ami 

AB = 6 ft. The door is raised by a vert,tal * which tills 

in the plane of the door, acting 9 f rom . 11 . C( i eg ()CCUI ' S 

the door slightly so that contact nm 1 % Doints and 

only at A and C. Find the reactions at these points 

calculate u. 

II. 

1. A uniform beam AB rests in contact with • jmnotb cylinder 

whose axis is horizontal, the vertical P ane . B t | l( » 

being perpendicular to the axis : tho ends 
rod are fastened by strings to the hig »■ ( Fj n ,l the 

of the cylinder, and the strings are »'> _ ^ an „ le a with 

tensions of the strings when the rod m. v 

\/!3 - 1 

the horizontal, and prove cos a > ^ 

2. A circular table is supported s> nmu tn^ BC of 

legs placed at the angles of an eqml.i » • , •" f j ()() || >s . 

30" side. The table weighs 60 lbs., <^ ^ 8 - front 

is placed on it at a point P, which is 

AC. Find the load on each h*g of the tab u. , rai)s 

3. A locomotive weighing 50 tons h,a ."‘ ax lrs is 5°. 

on different levels, so that the inclma between 

The height of the c. of o. is 5' 6* M* P—!? 

the centres of the rails is o ft. 11 , lower rail, 

on the higher rail, find the side piessun " 
and also the normal pressure on the lug a 1 
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4. A uniform plank, weighing 200 lbs. and 20 ft. long, is 
placed with one end upon the ground, and rests upon a smooth 
fixed cylinder of 6 ft. diameter lying upon the ground. If 
the end upon the ground is 15 ft. from the line of contact 
of the cylinder with the ground, find the least horizontal force 
applied at the end upon the ground which will push the plank 
further up on the cylinder. \l between ground and plank=0-2. 

5. In the figure A and B are fixed points, 13" apart, to which 
are hinged the stiff rods AD, 10", and BF, 6". The jointed 
parallelogram CDEF has its sides 5" and 3i" long respectively, 
and is hinged to AD at the end D and the mid point C. It is 
also hinged to BF at F. When this system is in the position 



shown, F lying in the horizontal straight line AB, a weight of 
1 lb. is hung from the joint E : this is balanced by a vertical 
force at F. Find the thrust in the rod CF, and hence, by a 
graphical construction, find the vertical force at F and the 
thrust in the rod FB. 

III. 

1. A uniform circular table of wt. 45 lbs. is supported by 
3 legs at points on the circumference A. B, C, the vertices of 
an equilateral trianule. A wt. of 15 lbs. is placed at the mid 
point of the line AB. a wt. of 20 lbs. at the mid point of the 
line AC and a wt. of 24 lbs. at the point midway between A 
and the centre of the table. Find the pressure on each of 
the legs of the table. 

2. A photograph frame, 12" high, is supported in an inclined 
position on a smooth table by a light support 8" long, hinged 
to the back of the frame 8" from the bottom. It is pre¬ 
vented from collapsing by a string 6" long fastened to the 
frame and to the support 6" from the hinge on each. Find the 
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pull In the string if the frame weighs 1 lb. and its 0. of oris 

,Tparallelogram A BCD is “b «^d 

otX y t gStr Sh “"' ‘ Jt ‘ he *™* 

^ ^ofeaS ;'dthe angle the 

4. If 0 is the greatest slope on ™ h ^ eels f are locUe d, find 
riage can stand when both pa « c an stand when 



either the upper wheels or th^n the latter if 

show that the former slope will r, 

a>b + h tan 0. .1 1 0 f raising a block of 

5. The figure illustrates a in and D> inserted between 

stone by means of light w<‘‘ r- underside of the block. In¬ 
fixed inclines A and B and the “WW * and the block 

coefficients of friction between tbe 



wedges. 
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IV. 

1. A weight of 1250 lbs. is suspended by three chains, each 
15 ft. long, from 3 hooks in the ceiling, which form the corners 
of an equilateral triangle of side 18 ft. Find the pull in each 
chain. 

2. A plane rectangular table A BCD is supported by 4 springs, 
all equal in length and in strength, placed one at each comer 
of the rectangle. If a load is placed on the table, show that, 
wherever it is placed, half of its wt. is supported by the springs 
at A and C, and the other half by the springs at B and D, 
the compression of the springs being proportional to the 
load they bear. 

If AB = 6 ft., AD = 4 ft., and if the load be placed with its 
c. of G. at a distance of 2 ft. from both AB and AD, what 
is the thrust in each spring ? 

3. Roof under wind pressure. Forces at C and D are 
inclined at 45° to the horizontal. The reaction at D is vertical, 
the direction of the reaction at A is determined from the force 
diagram. (Begin at B.) 



The framework is hinged to a wall at A and rests on a 
horizontal roller at D. Find the stresses in the bars. 

BAD = ADC = 60*, AD = 30 ft., BC = 20 ft. 

4. A sliding door moves on two wheels between smooth 
guides. W hen pushed bv the horizontal force P, the near 
wheel refuses to turn and slides along the rail, while the other 
wheel rotates freely. 

If the weight of the door is 600 lbs. and the coefficient 
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of friction for the wheel sliding on the rail is 0-2, find the 
magnitude of P required to move the door. 



FlO. 291. 


5. A uniform cylinder, length 1 yard, d.ame er f mass 
1 ton, the planes of whose ends are perpendicular to.itsax. 
rests in limiting equilibrium with a point ofJts 
against a smooth vertical wall, a poin o 1 ^ r o t j ie 

a rough horizontal plane and its axis inclined at 4o 

vertical. Find u. „ tnwnrds the 

A gradually-increasing horizontal f °r<*, acting ° g tbc 

wall, acts on the cylinder at the P°>n " 1 instant 

plane. What is the magnitude of tins force at the 

when the cylinder begins to slip . 


v. 

1. Three equal rods, each weighing 3 lbs. a"d •» ft- 

are jointed together at one end so as to orm. j.j 
middle points of the rods are joined l.y three l.g 1 •‘ni.f, ; 

1- 6- long: find the tension in «h * "ii " ^ 7„ oot h 

10 lbs. il placed on the tripod, which stands on 

horizontal surface. f r .,,,i v 

2. A light rod AC is arranged so thatpV^IIotlu-r light 
in the horizontal line AD, and is controlled b> anotn 



FlO. 292- 
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rod BD, hinged to AC at B, and capable of rotation about a 
fixed centre D. AB and BD are equal, and a weight W is 
hung at C. Neglect friction, and show that the horizontal 
force P, which must be applied at A in order to preserve 

W f BC\ 

equilibrium, is given by p = -s-(l+ —)cotO, where 0 is 
the angle CAD. 2V AB ' (C-S.C.) 

3. Three bars AB, BC, CD hang from two fixed points A, D, 
on the same level, so that the system is in a vertical plane 
with BC horizontal, and the angles DAB, ADC equal to one 
another. The weights of AB and CD are W and W' respec¬ 
tively, and BC is weightless. Prove that the system can 
be held in this position by a couple equal to £(W -W')Z, l being 
length of BC. Find the stress in BC. 

4. A rigid framework in the shape of a rhombus, whose 
side is a and acute angle a, rests on a rough peg, the coefficient 
of friction being fx. Prove that the distance between the two 
extreme positions which the peg can have in contact with 

a given side is a/* sin a, provided juCtan <j. 

5. A hollow cylindrical vessel, 20 ft. in diameter, has three 
equal rectangular tanks, each 3 ft. wide and 4 ft. deep, running 
its full length, as shown in section. The vessel is floating, 
half immersed with tank No. 2 full and tanks 1 and 3 empty. 



When the water in tank 2 is completely transferred to 3, the 
vessel is found to heel through an angle of 9£°. Show that, 
in its original state, the c. of G. is 1-37 ft. below its centre 
of figure. (C.U.) 
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VI. 

1. Three equal hemispheres ofdiameter 10---- P>-d 

symmetrically with their ctn rt diameter and double 

horizontal table, and a sphere of suppol ,ed by 

the weight is placed s\mm , ' no friction between the 

the hemispheres. Assumi g ‘ coefficient of friction 

Z . A sis-wheeled radv^ytruch^ ^"Sy 

shown 8 in the figure. If the wheels at 



(C.u.) 


C are just lifted oft the rails, determine the 1"“^“" ill( J 
A and B. (The wheels arc supposed to rota (C . 

without appreciable friction.) • j lt w are 

3. Two equal smooth spheres of rarhus — ^ ,„ds, 

placed inside a hollow cylinder of radius ,1 mdcr thot the 
which rests on a horizontal plane. Prove / r\ 

cylinder may not upset, its weight must be at leas - V a) 

4. ABCD is a quadrilateral formed by fourIf 

equal weight but unequal eng bsJoosrl>j ^ ^ „ le rod 

the system be in equilibrium . proV e 

AB supported in a horizontal position, I 

2 Un 0 = tan a-tan p. 
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where a, B are the angles at A and B, and 6 is the inclina¬ 
tion of CD to the horizontal. Also 6nd the stresses at C and D, 
and prove that their directions are inclined to the horizontal at 

, /tan B - tan 0\ , /tan a+tan 0\ 

angles tan"M -—^- ) and tan ^- 2 - )‘ 


5. Plot a curve from the following coordinates : 


X 

0-6 

1-4 

2 

J. o 

30 i 

4 0 

4 4 

4 6 

5 0 

y 

0 8 

10 

1-2 

1*4 

1-65 

2 4 

2 8 

! 31 

4 0 


Find the coordinates of the c. of 0. of a uniform wire of 
this shape, the ends being (0-6, 0-8) (5 0, 4 0). 


VII. 

1. In the wall crane CA is horizontal and BAC = 30°. Find 
the values of the tensions in AB (1) when the load is raised 
by the rope passing over the pulleys at A and D as shown, 
(2) when the rope passes only over the pulley A, and is led 



vertically downwards from it. The pulleys at A and D are 
carried on AC. Find the horizontal and vertical components 
of the force at the hinge C in the first case. 

2. Four equal uniform rods are freely jointed at the ends 
so as to form a square ABCD. The square is hung up by the 
Corner A. and is prevented from collapsing b\ a weightless 
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string joining the mid points of AB and BC Show that the 
tension of the string is four times the weight of a rod. 

3. The framework of weight W, is fitted wjth rollers at A 
and B so as to slide vertically in contact with a fi xedrod 
diameter d. A weight W 2 is placed at a distance x from tk 

| j«l- 




F10. 29tt. 

centre of the rod. If A is frictionless and B fixed, show that 
the framework will not descend unless 

w ^ < (i + ^) (Wl+W2) ' aW,> 

where p is the coefficient of friction between the rod and Hie 

fixed roller. . r Y 

4. Draw a regular hexagon ABODEF ofj kIc^ p 

of 2 lbs. acts along BA. and a force , Find « r ni)hicallv 
acts along CD, Q along FD 1 a ” d . f R .^°"? stcm 1S in equilibrium, 
the magnitudes of P, Q and R, if t __ show that the 

Let the resultant of X and V meet ECatR^ po , y{Ion 

resultant of P and 0, acts a J on b FD - u nc0 fi, K l P and Q. 

for X, Y, R, and the resultant of P and Q. H* nc. n« 

5. The figure represents a framework , 10 ;^“ti 0 ns at 

ends. The framework is supported >y 
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A and B, and carries a light platform suspended from C and D. 
A load W is placed at the centre of the platform. Sketch the 
force diagram for the left half of the framework. Show also 

that if W is shifted to a position on the platform distant ^ 

from EC, the stress in the member DE is reduced to zero. All 
horizontal and vertical members are of length a. (UU.) 


VIII. 

1. A weightless string of length 51 has four equal weights W 
attached svmmetrically to distances l apart, and is in equili¬ 
brium with its ends fastened to two points in the same straight 
line. If T 0 is the tension of the lowest portion of the string, 

express in terms of Ij the angles which the several portions of 

the string make with the horizontal. 

2. Three equal rods AB, BC, CA, each of weight W and 
length 2a. arc jointed at B and C, and are in equilibrium with 
the^two upper rods AB, AC in contact at A and resting on two 
smooth pegs, which are in the same horizontal line and distant 
2c apart. A weight to is hung from the mid point of BC; 

prove that c> ,-^a and lw< -W. 

1 12 ff-c 

3. Three smooth equal spheres of radius 1 ft. and weight 
1 lb. are placed inside a smooth hemispherical bowl of 
radius i ft. Find the pressure between the bowl and the 
spheres. 

4. A ring C, at the end of a uniform heavy bar BC of length 
5.1 ft., slides on a vertical rod AD. A string 6 ft. long is fastened 
to the end B of the bar and to a point A on the rod 1 ft. above 
C. If the ring is on the point of slipping upwards in the given 
position, find graphically the position of BC when C is on the 
point of slipping downwards. 

5. Two equal friction wheels of radii R in. turn on axles 
B and C of radii r in. A wheel A of weight W is attached to an 
axle of radius a in., which rests on the circumferences of the 
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the wheel A is ““ 9 , -here sin 0 = ' sin +, the centres of 

the three wheels forming an 

the angle of friction between the wheels and 



APPENDIX. 


The following examples, which involve a knowledge of Trigono¬ 
metrical manipulation, are inserted to meet the needs of 
students who require such examples for examination purposes. 


1. A uniform rectangular plate ABCD of weight W can turn 
in a vertical plane about a smooth pivot at the mid-point of 
its upper edge AB. It is tilted through an angle 6 by an out- 

2&P 

ward horizontal pull P at D. Prove that tan 6 = -r where 

AB = 2a, BC = 26. 


6W+aP 


2. A uniform rod AB of length 2a rests in a vertical plane 
with its upper end A against a smooth wall, the other end being 
kept at a distance 2c from the wall by a string fastened to B 
and to a nail in the wall. Prove that the thrust against the 
• Wc 

wall is ■ , W being the weight of the rod. 

2v a 2 - c- 


3. A horizontal rod has its ends on two inclined planes of 
inclination a and and lies in a vertical plane at right angles 
to the line of intersection of the planes. Prove that the 
c. of g. of the rod divides it into two parts in the ratio 
tan a : tan /?. 

4. Two weights W, and W 2 are connected by a string which 
is placed over the surface of a smooth cylinder whose axis is 
horizontal. The arc subtended at the centre by the string is 
a (a<2n-). If the radius joining W, to the centre makes an 

angle 0 with the vertical, prove that tan 0 = — ^2 sin a —_ 

1 W x + W 2 cos a 

5. A uniform bar AB of weight W and length 2a can turn 
about a smooth pivot at its upper end A, and the lower end B 
is kept at a distance 26 from the vertical by a horizontal 
force applied at B. Prove that the reaction at the hinge is 
W /la 2 -36 2 

2 V a 2 -62 * 
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inclination of AD to the horizontal. 

7 The sum of the weight of a certain Roman steelyard 
and of its movable weight U 8 .^ 18 

^^aduated^an^after graduation the 

S?je£Ss 

by (S + W ) CC> 

. (2ah - A 2 )* W ■ • 

Prove that the least value of P is — 
radius of the wheels. 


N where a is the 


a 


dius of the wheels. blinders of 

Jii * a* - - 

pressure between the cylinders is ^ + r ., 

10. Two smooth inclined Vj“ n ^ 

making angles a and fi ' wit)l itH ax j 8 parallel to 

weight W is placed boUs pressures on the 

their line of intersection. 1 roveit nar l 

, W sin a n( , Wsin/L 

planes are and sin (« + /*) 

11. Two uniform hoards of weight W. ^-t^th their 

upper ends in contact "'V‘ t ! a smooth horizontal floor, 

lower ends being in contact < .... • . v i. en they make 

Prove that if the boards arc m equ.l'b' ^ 

angles of 6 and O' with the floor respect.vely tlu 

W cot 0 = W cot 0 . 
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12. If two forces acting on a particle be represented by 
7n times the line OA and n times the line OB respectively, 
their resultant is represented by m + n times the line OG where 
G divides AB so that mAG = nBG. 


13. ABC, A B C' are any two triangles, G, G' their c. of G. 
Show that forces at a point parallel and proportional to AA', 
BB', CC', 3G'G will be in equilibrium. 


14. A vertical post is held upright in contact with the 
ground by two cords attached to pegs on the ground at equal 
distances c from the foot of the post, and attached to the 
post at heights a and b above the ground, the cords being on 
either side of the post in a vertical plane. Prove that the 
tangent of the angle which the reaction of the ground makes 

with the vertical cannot exceed - ° ^ 


15. A uniform rod rests over a fixed smooth sphere with 
its lower end pressing against a smooth vertical plane which 
touches the sphere. If 0 is the angle the rod makes with the 


0 3 0 


vertical when in equilibrium, prove that a = 2/ sin ^ cos 3 ^ 
where l is the length of the rod, a the radius of the sphere. 


16. A heavy triangle ABC is hung up by the angle A, and the 
opposite side is inclined at an angle a to the horizon. Show 
that 2 tan u = cos B ~ cot C. 


17. ABCD is a parallelogram, and forces are completely 
represented by the lines AB. BC, CD. DA, CA, DB. Prove that 
their resultant is a force of magnitude 2CB, and direction 
parallel to CB. 

18. ABCD is a quadrilateral having the angles at A and D 
right angles and CB = CD. Forces P, Q, R acting along AB, 

9 

CA, and AD respectively are in equilibrium. If P= -^=R, prove 
that AB=’BC or (!BC. * V3 

19. One end of a heavy uniform rod AB can slide along a 
rough horizontal rod AC to which it is attached by a ring. 
B and C are joined by a string. If ABC is a right angle when 
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the rod is on the point of sliding, « .he angle AB makes with 

t an a 

the vertical, prove /* = ^ ^t an * a 

20. A body Of weight w can inst be mgd along a roug^ 

*- p is least 

W t. A _ uniform ladder of length I rests,™ 

ground with its upper end PW* "° d di>r is about to slip and 

horizontal rail at a height a. ' ] prove 

A is the angle of friction with the ground, 1 

a\ - a 

tan A.=-^^r • 

22. Two equal rough.thin 

and B are at a distance 2a apart in 1 A nnd un dcr bar B 
to the vertical. A rod passes on \ fri( . ti()n p ro ve that 

and is just kept from a distance from the upi.cr 

the c. of G. of the rod must be at a 

At ^ V 


. (cot 0-1) 
equal to-- • 


KJaL tuuui . 

r . to tin* hori- 

23. At the foot of a rou-h plan^tn-^^ of W( . ip ht W 

zontal is a vertical smooth n™ 1 • * , xvall w ith its upper end 
is placed ina plane at right ami * •*_ (>n ,i rcs ting on the pb ,n [“- 
leaning against the wall am i • j- ( j oNV n tin* "”‘1 1 ‘ 

Prove that when the beam is «'*»* * *' - cot (« + *>• 

inclination 0 to the horizontal m „ - vor ,ical wall 

24. A ladder of length / rest* ‘‘ocllicicnt of f net ion 

in a plane at right angles <> 1 U ., roV c that " 11 

is /a both at the ground and at tin wf lllC r. of «. of 

man ascends the ladder tin tf r< ^/(y, + tan a) w j, cn (l is the 
man and ladder from the foot is iTr 

inclination of tlic ladder to tlu f- rom which t lie angle 

26. A uniform triangular lamina'«BC,® h AB. 

BAC = 90° is suspended by .« ht *",f so t hat thetriangle 1anp 
at A and to a point in a vor u j r i 0 the wall with the p u 
in a vertical plane perpendicular to the 
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resting against the wall. Prove that in the position of equili¬ 
brium the inclination of the string to the wall is tan -1 (I tan B). 

26. An equilateral triangular lamina ABC rests in equilibrium 
in a vertical plane with AB, AC in contact with two smooth 
pegs in the same horizontal line at a distance a apart. Prove 
that if AD, the perpendicular from A on BC, is not vertical it 

must make an angle 0 with the vertical where cos 0 = 
and h = AD. 6a 

27. Two equal rods AB, AC freely jointed at A have their 
ends B, C connected by a light string. B and C rest sym¬ 
metrically on two smooth planes inclined at angles a to the 
horizontal, with their slopes facing one another, the plane 
of the rods being vertical. Show that the tension in the 

W 

string is y (tan 0-2 tan a); W being the weight of a rod 
and 20 = BAC. 


28. ABC is a triangle, right angled at C, formed of three 
uniform rods jointed at their ends. It is suspended by a 
string attached to the mid-point of AB. Prove that the 

reaction at C is —~r=cw, where w is the weight per unit length 
of each rod. 2V2 


29. A thin straight uniform rod of length 2c and weight w 
rests over the edge of a smooth thin hemispherical bowl of 
radius a and weight w so as to make an angle of 30° with the 
plane of its rim. The bowl rests on a horizontal plane; 

. a w V3 
prove that - + — = ——. 

c w 2 


30. A heavy uniform rough rod slides through a light 
ring attached by a string to the edge of a table, and remains 
in limiting equilibrium with one end pressing on the under 
surface of the table, if 2a be the length of the rod, x the 
distance of its point of contact with the table from the edge, 
a the inclination of the rod to the table, A and A' the angles 
of friction at the table and the ring, prove 

tan (a - A') a cos a - x 
tan A 


a cos a 
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CHAPTER I. 

Examples I. (p- 15 -) 

o 3-ti ft. from axis, 3 1G lbs. 

1J ft. from mid point. • 5 tjo-o grams. 

3^ ^ s - - jy.g crams. _ 

140 lbs. I' lift 10- 

1J ft. from centre. » 

Examples II. 

20 lbs.-ft.. 80. 60. 2. *lb- 3- 

9 ft 0, 15 lbs. * . a 

20 lb,.. 0 and 35 lbs.. 50 )b,.. 70 lb,, and 0.^ ^ ^ ? ^ 

2- 46 ft. from A. .,, 14. 91 3 lbs. 

Man nearer the bottom by 11? Iba. ^ J f( 

183J, I' 6 * lbs ' ; 303! ' 2 L 8 20 lb, to end 4 ft. from prop. 

3 - 76 ft. from end. = 0 whcn * = 18 ft. 

p = 360-20r. Q, = 20x+ 1 - u - 
43|. 66| lbs.. 10 lbs on 

(i) 2 in. from B ; <») 1 »"* ’ < ' (iii) 10 lbs. 

(i)atG; (ii)OJ 12 m. 10 m., 

6 lbs. where 6 in. - AB ( ' ig - 2& 50 j ib 3 . 

22 lbs. 


(p. 22.) 

1-4 ft. from B. 

4. 

75 grama. 

n fa 

14 3 stone. 

8. 

3 ft. 

, and 0. 

10. 

34 lbs. 


1. 

5. 

8 . 

12 . 


Examples III. 

1414 lbs. 2. 27 5 lbs. 

0 lbs. 6. 102 6-'- 

42 grams or 120 grams. 9 3 4 l»s. 

•031 ton. 13. 5 4 lbs. 

18. 960 lbs. 


(p. 30.) 

3 . 2 lbs. 4 * 

7A lbs., 6 lbs. 

70° 32'. 11- 

lft lb. 1 & - 

8^3. 20. 832 grams. 

9 


7. 

10 . 

14. 

19. ^ 


6 lbs. 

I ton. 
26° 36'. 


<") 


17. -9 cwt. 
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Examples IV. (p. 36.) 

1. 11 lbs., of diag. from 3 lbs.; 5 lbs., $ of diag. from 3 lbs. 

2. (i) 10, 90 cms. from 100 ; (ii) 1, 990 cms. from 100 ; (iii) no eqnili* 

brant. 

4 . 180 lbs.-ft. 6. Draw BD in the opposite direction to AC. 

7. 6 lbs. 

CHAPTER II. 

Examples V. (p. 43.) 

1. 500 ft.-tons, 1,120,000 ft.-lbs. 2. 60,000 cm.-grams. 

3. 141-4 ft.-tons. 4. 20 ft.-tons, 33J ft.-tons, 13J ft.-tons. 

6. 15 lbs. 6. 600 ft.-lbs. 7. $ oz. 8. 87-5% 

9. 72 lbs. 10. 14 ft. 


Examples VI. (p. 51.) 


1. 

83) %, 

V. 2. 

80%. 

3. 7| in. 

4. 2 

4 cwt. 

6. 

56%. 

6. 

157 lbs., 

89%. 



7. 

68, 83, 

89-5,91-6, 92%, 

1-4 lbs. 

8. P = 

•32W+88; 

37-2 %, 

9. 


(?) 9 P- 


10. 69 lbs., 30 lbs. 


11. 

21-5 lbs., 75 lbs. 






Archimedes' System, (p. 54.) 

e = 24-6%, 36-2%, 41-6%, 48 4%, 51*3%. 
Friction. 6-6, 7-4, 94, 109, 136. 


1 . 

3. 

5 . 



Examples VII. (p. 54.) 

100 lbs., 250 lbs. 2. 9-7, 26-3, 72-3 %, 87-5 %. 

4. 2, 18-5%, 51-3%, P = -74W-f 19-7. 

W 


127-3 lbs. 

4, 50, 56%. 


6. 35%, 54%. 


7. T = 


53, 61, 63, 65, 66%; P = -14W-f25, 13 grams. 


Examples VIII. (p. 60 .) 

2. 7 6. 

5. 6J lbs. 

8. 1-3 metres. 


8. 47 % nearly. 
6. 31-1 lbs. 

9. 5j in. 


1. 216 lbs. 
4. 4000 lbs. 
7. 655 lbs. 




answers 


Ill 


Examples IX. 


1. 24-8%. 

4 . 36 lba. 

7 . W= - 23 +10-3 P. 

10 . 2261 lbs. 


2. 44 lbs. 

5 . 140 lbs. 

8 . 1-5 in. 

11. 84 lbs. 


(p. 64.) 

8. 804 lbe.. 482 lbs. 

0 . 27 lbs./sq in. 

9 . For equilibrium n = 8 -i 

12. H- 18 - 81 * 


1. 

4 . 

6 . 

7. 

0. 

12 . 

16. 

17. 


1. 

4 . 

7. 

10 . 


CHAPTER III. 

Examples X. (p. 76-) 

. ,o o 3. 22-9 lbs. 

38 lbs., 28 lbs 2. 23 3 lbs. 

f 3^0 6 8 10 22 10 6, 13-1 "lb 80 Perpendicular to AB. 

1J tons. U tons. J. IS***., - ? cwt . 

554° roms ^ 18*. 62 6 lbs., 37 -5 lbs. 

554 crania. _ .. 

•42 cwt. 16- 16 y b8 * 

7-7 cwt. at 36-8° to the vertical. 


Examples XI. (p- 60 ) 


l. 

4 . 

7. 

L0. 


2. 17 4 lbs., 10 6 lbs. 

6 . I 85 lbs., 1*85 lbs. 

2- 24 lbs.’, 27° to AD. 8 . 0 8 lbs., 6-3 lbs. 
169°. 

Examples XII. (p- 82 -) 

3 - 76 lbs. 2 . 15 lbs* 

63 lbs. 5 - 28 ® 

a 1-3 lbs. 8 - ; 74jlb * 

3-42 lbs., 9-40 lbs.. 3-42 lbs. 


3. 

0 . 

9. 


Examples XIII. (P- ®®*) 


1. 

6 . 

7. 

10 . 

18. 


14 . 65 5 lbs. wt. 


3 . 3 9 lbs. 
0. AC 

9. 114 6 lbs. 


28-3 lbs. 
12 3 lbs. 
1 49 lbs. 


120 ° 8 * 129 lbs. 

Z , 13 68 lbs . 29-24 ft 400 ft.-lbs 
0 30 ton. s. 3048 Ibs^ w 

9 7 lb,.. 341 U. 18 6(jlbs 

7 07 lbs.. 46° to horizontal. 


4 . 64-3 lbs 

0 . G89 ft.-lbs. 

g> 47 8 ft.-tons. 

12. 7-82 lbs. 

10 . 031 ton. 


IV 


STATICS 


1. 

4. 

7. 


1 . 

2 . 

3. 

5 

0 . 

8 . 

9. 

10 . 

13. 

16. 

10 . 

17. 

18. 
21 . 


1 . 

3. 

6 . 

7. 


41-96 lbs. 
620 lbs. 
28-8 lbs. 


Examples XIV. (p- 93.) 

2. 105 lbs., 53-2 lbs. 3. 

5. 2-13 lbs. 0. 

8. 4-6 lbs. 10. 


1500 grams. 

11-4 lbs., 7-4 lbs. 
10-6 lbs., 13-7 lbs. 


Examples XV. (p. 98.) 

(i) p vertically below A ; (ii) Strings make equal angles with the 
vertical; P vertically below A. 

8-4 lbs., 6 0 lbs., 33“ 42' to horizontal. 

5-4 lbs., 22° 46' to vertical. 4. 3-1 ft. 

2 88 lbs., 5-77 lbs., 30° to vertical. 

84-3 lbs., 71° 30' to the ground. 7. 2-4 lbs., 4 lbs. 

3 97 ft., 2-6 lbs. 

3-9 lbs. at 32° 30' to vertical, or 5-3 lbs. at 6° 20' to horizontal. 

92 lbs., 106 lbs. 11. M4 ft. from lower end. 

12 ft. from A. 35 lbs., 45 lbs. 14. 3-5 lbs., 2-9 lbs 

27-8 lbs., 12 8 lbs. 

String perpendicular to rod ; 2-5 oz. ; 36* 45' to vertical. 

16°, 1-4 lbs, 4 2 lbs 

At A 3-4 lbs., at 83° with BA ; at B and C, 1-97 lbs. along BC. 

5 lbs., 10 lbs. 22. 15 lbs. 


Examples XVI. (p. 106.) 

23-3 lbs. 2. 29-9 lbs., 68° 48' with AO. 

220 grams. 82 grams, 188 grams. 4. 11-3 ; at 45 ° to axes S. W. 

24 2 lbs., 12° 30'. 8. 30-9 ; 20 lbs. N.E.; 43 lbs. S. 

7-25 lbs., 3-2 lbs. 


1. lloz..4oz. 
4. 1590 lbs. 


1 . 1 lb. lost. 

4. 2 12 in. 


Miscellaneous Examples. 

A. (p. 108.) 

2. 20 lbs., 10 lbs. 3. 63° 8*. 
6. 73 lbs. 

B. (p. 108.) 

2. Resultant is along AD. 

6. 45-7%. 


3. 35 Dbe, 




answers 


V 


2 lbs., 1-73 lbs. 
24, 45 %. 


C. (p. 109.) 

2 . 7.85 in. 3. 4 47 at 63° 24' with OX 
e. 7$ cwt. 


D. (p. 109.) 

„,, i _ D o AD horizontal. 

4-8 lbs., 7-2 lbe., 1*7 lbs. £■ 

l:s/2. 


4 . 240, 20-7 lbs. 


Vertically. 

5 . 12-8 lbs. 


19-2 in. 

4-1 lbs., 4-5 lbs. 


2 . 

6 . 


1. 

4 . 


2-6 lbs., 141°. 

Il l, 23-5, 270 approx. 


E. (p- HO ) 

6 lbs., 13 lbs., 12 lbs. 
1-05W. 18° 26 '- 

F. (p- HI ) 

2 . 75 lbs., 125 lbs. 

B. -74 lbs., 1-3 lbs. 


3. 53 ft 


3. 25 lbe. 


■L 

5 . 


G. (p- H2 ) g 4 o 01 kilos. 

* lb... 4 lbs. 2 . * »»• >« 2 ^ umfercncl , o( the vertical aectioa 

The two reactions meet on tl 
of the bowl. 


2 . 10 lbs. 

6 . 47 lbs., -36. 

9. Vertical 30°. 

11. 4-4 lbs., 7-84 lbs., -47. 
14 . 12-2 lbs. (fi= -31). 


CHAPTER IV. 

Examples XVII. <P "*•> 

3 . 23 . 4 „ 51b ‘' 8 

7 20-0 lbs., 9 4 lbs. 

10 ; 

15. 6050 ft.-lb. 


6 8-45 lbs. 

•49, 55 lbs., -49. 


Examples XVIII. <Pj 23) 4 10 o 42 '. 

n mid l> oi " l « 27 °* 
10. 0 15 

_ _ __ 15. 0 52. 

0-19, 0 95 lb. 12. 0-17. 


I. -84. 

6 . 16° to horizontal, 29 lbs. 

_ aAI 

7. 

II. 


23° 30'. 

3. 

•27. 

• 

11 ) 8 . 

0 . 

8-4 in 

30°. 14 lbs. 

9. 

0-4. 

017. 

13. 

•037. 


VI 


STATICS 


CHAPTER V. 

Examples XIX. (p. 133.) 

L § ft. 3. 33° 42'. 5. 4 3 cms. from top edge. 

6. 2-6 cms. from AB, 2-4 cms. from CD. 7. At c. of o. 

8. 1 in. from common base. 9. x=0-6, y — 2 6. 

10. If the line joining A to the c. of o. cuts CD, then BC will leavF 
the plane. 

Examples XX. (p. 140.) 

1. 2|'j ft. from 1 lb. 2. 4 ft. from AD. H ft from AB. 

3. 13J in from heavier end. 4. 22-4 in. 

6. 8 6 in. from edge of the wood. 6. 4-2 in 

7. 6" from line (2, 6) ; 8 t V from lino (2, 3). 

8. 0 84 ft. 9. 3J in. 


1 . 

4. 

6 . 

9. 

13. 

10 . 


Examples XXI. (p. 143.) 


§ in., S in. 2. l-3a (2a = side of square). 

T ' s of the diagonal from the centre. 

§ in. 7. 1J in. 

7 4 ft. from bottom. 11. 0-25 in. 

4 of the altitudo. 14. H of the altitude. 

AD would leave the plane. The moment of the wt. 
AC is > tho moment of ACD. 


3. 4j«, in. 

5. 1 ft. 

8. 1-8 in. 

12 . 11 °. 

15. 3 098 in. 

of ABC about 


Examples XXII. (p. 149.) 

1. 45°. 2. 9-53 in. nearly. 3. 4 58 in. 

4. Upper, A its length over lower. Lower, 1 ever the edge. Lowest, 

| of its length over the edgo. 

5. Four. 0. -873 ft. 7. W. 

8. lib. 10. 11-5 lbs., 10-7 lbs. 


Miscellaneous Examples. 


1. 1 -36 lbs. vertical. 

8. 4 in. 


H. (p. 151.) 

2. W opposite W, 2W opposite 2W. 

4. 1-78 lbs.. 0-5 lb. 5. 29° 19'. 



ANSWERS 


vn 


i. 


w 2 w 
3 


I. (p- 151.) 

2. Six 


8. 

4. 

P=011W +4-8; 62,73-5, 
11-34 in. from left edge. 

78, 89, 90 < 
5. 0- 


J. 

(P- 

152.) 

1. 

] lb. 2. 2-04 lbs. 



K. 

(P- 

153.) 


1. 

2 . 

3. 
6 . 

1. 

4 . 

1. 

4. 


4. 0-35 ft. 


AB makes 14° with vertical. 

2d cot a, where 2^ = ^gle of cone. 

sin(a + 0) tenX = .615it slips. 

H = 0-68 for slipping. **• 

37-9, 46-2, 46-2 lbs. 

14 ». 2. 71 lb. 3. 11-2 lba. from B to mid point of DC. 

161 lbs., 27°. 

M. (p. 21 lbs , 4-53 lbs. 

2 . 75 grams, vertical. 3. ^ 

5 . 20 ° 6 '. 


41-2 grams 
2-67 ft. 


1. Upper, 70 lbs. 

2. -97 W, -26W. 


N. (p- 156.) 4 , 

^• w v 4 r ,n r^^ B - > > 

3, p = '<52Z£!>, w + p='- j - 


1. 

8. 

6. 

8 . 

11 . 

13 . 

16. 

18. 

19. 


Revision Questions. (P- 158.) 

2 ?' from mid point of AB-, 0 lbs. 

T* * ih 6. 120 lbs. 

»: * 2 "*■?' ; J„” ,9 '!o° ^ 

3-5 lb , M “V'’X 

17 -04 ft. below centre. 

“Tot (from D,. » ■«- ^'» * vertical. 

5 * 10 - 2 , y-3*76 (from D). 


4J lb. 

4, 66?%, 56 lba. 
Falls back, -47 cwt. 
07 lbs. Tension. 
1-44 lb. 12 

1*16 lb., -29 lb. 

3' from centre. 



answers. 


CHAPTER VI. 


1 . 

2 . 

4. 

6 . 

8 . 

10 . 

11 . 


Examples XXIII. (p. 163.) 

„> r from 10 lbs. ; <i» F 1™. 12 1U. , *> W '»» 4 lbs ' ' 
(</) J" from 8 lbs. 

i ton, J ton. • 

6 25 cwt., 8 75 cwt. 

8j cwt., 6 25 cwt. 

1 -7 and 11 *7. . • 

4 7' from mid point,. l “- 


13 7 cwt., 23 3 cwt. 
1 ton, 12 tons. 

23 tons, 22 tons. 

10 tons. 

6 ft, from A. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

8 . 

9 . 


# 1 1 Will I - 

3-2 ft. from 20 lbs., 1C ft. from 20 lbs. 

Examples XXIV. (p- 160.) 

Cuts AB H ft. from A, BC 1,S ft- B - AC f>1 ^ ' 

mJI 2 lbs. and 6 lbs., 2 | ft- from that corner. 

2 lbs. along DC. BC luccd 9.7 ft. from B. 

Cuts AB produced 3 8 ft. , ' om R=1V ,* 8 
AC produced .» 4 ft from • A , BC produced 

Cuts AC 31 cm*, from A, AB - / 

10 cnis. from B. p=l-> 3G Q=15-. r >, R = « r >’ 6 . 

11-2 lbs. " _ DC 

4 lb.. Force at pin - Urt «- «*• DC E ' ’ rh “" ^ = 4 ' 

15 lbs. 

CHAPTER VII. 

Examples XXV. (p- l?®-■) 


1. AB 

2. AB 

r.s. 


+2 -83, AC-+3-78. 

AC= +0*73, BC=-6 25 3. AB-AC 

o 


= +5 -4, BC=-5 0. 



X 


STATICS 


4 BE = CF=+ 16-2, AE = AF= +10-8, ED-DF- +5'4, 

BD = DC=-15 0, AD=-4 0. 

5. BE= +209, BD=-19-4, EA= + 143 = AF, ED=+66, 

AD=-4-5, DF=+53, FC=+19o, DC=-181. 

6. AB = AC = +11*2, BD = DC=-101, AD - -2. 

7. BF = 4 32-3, BD = -28 8, FD = +4 2, FA= + 295, DA= - 19-2, 
DE - -11-2. 

8. BF = +307, BD=-344, FD=+5, FA=+3I1, DA= -211, 

DE = - 110, AE= - 17-4, AG = + 28, EC =-26 9. 

9. BF = +269, BD = -2 5, FD=+05, FA=+269, DA = -08, 

DE = -1-88. 

10. BF = +4-7 = FA, BD=-4-4, FD=+10, FA=+4'7, DA= - 16, 
DE= -31, AG = GC= +01, AE= -30, GE= +2 0, EC= -5 6. 

11. BD = + 4040 = DE, BK= -3750, DK= +500, KE= -800, 

KL= - 3125, EL= +1250, EA=+336G, LA=+1630, 

LM = - 20S0, AM=0. 

12. BD=+11,070, BM = -10,500, DM = 0, DN=+1580, 

DE = +9500, MN= - 10,500, EN = -500, EF=+7950, 

EO = + 1800, NO = - 9000, FO= - 1000, FA = +6350, 

FG - +2150, OG = - 7450, AG =-3000. 

13. AD =+27 3, AF = - 19 3, DF=-96, DC=+24, 

CF= -97, FG=-13-6. 

14. AC=+8-5, AE=-6 0=EF, CE=-3, CF = - 42, CD=+9-0, 
FD= - 1 4, FG= -8 0 = GB, DG= -7 0, DB= + 113. 

15. AD= - 5 0, AC =+8-7, DC=+2 9, DF=-58=-FC. 


16. 

BC = 

-214, 

OC= -12 8, CA= - 

188. 




17. 

AF = 

- 10 0, 

AG=+8-7 = FG, 

FE 

= - 15 0, 

GE= - 

-8-7, 


GH = 

+ 17 3, 

ED = -27 5, 

EH: 

= +13. 

HD= - 

-11-5, 


HB = 

+ 26 0, 

DB= + 175, 

DC: 

= -40. 



18. 

AB = 

- 20 4, 

AC =+22-6, BC = 

+ 7'6, 

CD = +214 

r. 


19. 

AD = 

-11-5 = 

DE = EC, AC 

= +5-8, 

DC = 

+ 11-5 

= EB, 


CB = 

+ 17 3, 

EF= -23. 





20. 

AC = 

CB = 0, 

AD=+7o, AH = - 

3-75, 

DE= +5 2, 

DH = 

-2 9, 


HE = 

+ 2-9, 

HK= -6 65. 





21. 

AC = 

1. CD = 

0, AD=+5-8, DE = 

= +41, 

AH = -2 9, 

HE = 

+ 2-3, 


HK = 

- 5 -2. 






22. 

FA = 

+ 8. FG 

1 = 0, AB= +6 0, AG 

= -848, BG =60, 

II 

I 

O 

-60, 


BC= +8 0, CH=+40. 



23. DF=0=FG, 
AH = + 1’77, 
HC = + 5'3, 

24. PM = - 20, 
ON = + 15, 


answers 


DG 

AB 

KC 

OM 

LN 


+ 15-9, DA= -11-25 = AG, 
_ 125 = BC, HB=-*>0. 
-8-75 = CE. KE- + 12-4. 

+ H-2, ML=-8-7 = LK, 

+ 50, NK= + 10-0. 


xi 

GH = + 11-25, 
HK = +8-75, 

MN = -50, 


L 

/> 

%>. 

5 . 

9 . 

10 . 


Examples XXVI. (P- '90.) 


2. 37 5 lbs. 

.g7» 

0-2 tons, 42M Ions, 211 "• 15 0 «. 

(2) 4 ‘ 48 '- 9 ‘ 2 ' 

22° 37'. 

j-23. 6 29, 6 4, 6 5. 6 64 tons. 


4. 10 64 lbs. 

8 . 66? ft. 

14° 2', 18’ 26', 


CHAPTER VIII. 


1. 

4 . 

9 . 

11 . 


(P~Q)a- 
251 lbs.-ft. 


Examples XXVII. (p- •«■> 

Example 3oo8( 9-50) lbs-ft 

2 . (1-84 lb,.ft. s 21u ..ft. 

6. 10 lbs.-ft. r 

30 grams-cms. |„V ^ ’ 15. 149 lbs.-ft. 

8 62 o/.. -iiicl , cs. 

Examples XXVIII. <P 299.) 

2 2 tons ft. 

150 11»h.- ft.« 90 lOH.-ft. fi ,i )0 ; (2) 125 \bs.-ft. 

80 lbs. ft. At ,n,d point. lbs. ft., S.K. =2a 

_ ! , r b,. , t.. 6 Zero at tbo cmls. 

30 ,1-ft.. ,, - JU - " A m „, ju.t b,f„ ro 

Max. B.M. H * _ 3i/2 tons. . . i _<>! -4 tons-ft. 

second support 4< o f t f ron i end of 

3745 l^ )S * f. . 

3. 400 lbs.-ft. downwards at C ; B.M. = 88} - 

4. If lbs. upwards at B, dow lba .. ft . 

8.F. — If lbs. ... ,i 16. 1863 lbs.-ft-> 

,6. B .M. = 25f lbs. ft- ^ lb8 ‘ 


1 . 

3 . 

6. 

7 . 

9 . 

10 . 

11 . 




STATICS 


• • 

xu 

Examples, (p. 210.) 

1. 876 lbs.-ft. 2. 1-85. 3. 16 8 tons-ft. 

Examples XXIX. (p. 215.) 

1. b.m. =3 tons-ft., s.F. =i ton. 2. b.m. =25 owt.-ft. 

8. 180, 320, 420, 480, etc., lbs.-ft. 

4. Max. 1000 lbs.-ft. at mid point. 5. Max. 25 tons-ft. at middle. 

6. Max. 11| ft. from end. 7. Max. at. A, b.m. =52 tons-ft. 

8. At A and 6 4 ft. from A- 9. b.m. =3600 lbs.-ft., s.F. = 1000 lbs. 

11. b.m. =23 tons-ft., s.F. = 1J tons. 

12. - 600 at mid point of AB, +1200 at B, 0 at 57 *7 ft. from A. 

Miscellaneous Examples. 

Chapters I.-VIII. 

O. (p. 217.) 

1. At A, 4 tons ; C, 16 tons ; 12 tons ; 12 tons. 

2. 5 lbs., 36° 52'; 2 24 lbs., 26° 34'. 

8. On diagonal 5"8* from left edge. 4. 2 - 8 ft. 

P. (p. 218.) 

1. P= - 71 lbs., W =35 lbs. 

6. X = l l, Y = 1-3, DC= - 1 65, CA= + -86, CB=-l-6, AB=+22. 

Q. (p. 219.) 

4. Pressures 13*8 and 8-2 lbs. 

R. (p. 220.) 

1. Cuts AB at E, where BE = JBA. 

3. 3-42 1bs. 4. Width =2(8+ 6 cos 30). 

S. (p. 222.) 

1. 173-2 lbs. 2. G ft. from B. 

4. At Q force upwards on PQ = Xi and downwards on QR = X^. 

Then X, - X.,= T. Take moments for each part. 

T. (p. 223.) 

1. P = 1 -3, 55° to vertical; Q = 2-85, 7° to vertical. 

2 - 1 4 ft - 3. 20%, 40%, 50%. 




answers 


Xlll 


1. 

3. 

6. 


U. (p. 2-25.) 

At B, 30 lbs. ; at C, 90 lbs. ; at D, 60 lbs. 

- 3mW_ 

10 8 lbs., 8*98 lbs. > s in 0 + 3/x cos 0 

AB=+18-75. AE=-22 5, BC=+25, BE=-3125 


2. 17 4 


V. (p. 22G.) 


4. 53 lb. 


3 W = cot(<^ + a); c = cot (<p + a) tan a. 

6. 1=250, B = 750, AD = -288, AB= + 144, 0B=+500. DC=-577, 

CB= - 1154. 

W. (p. 227.) 

2. FromAU,B=^i^.w'—AW-x. 

From BtaO^S «**" DW ='' M “ X - B “‘ M 
S. 3-3 lbs. 4 ' 24 ' 5 ’ 24 ' 8| 21 '' 


X. (p. 229.) 

3 24 7 lbs. 

1. lJi tons and 6>i tons. 

4. W cos 0 = 2f» cos^ ; 35* 24' to horizontal. 

Y. (p. 230.) 

2 . 1860 lbs. 3 - 3 * “*• 

Z. (p-232) 

2 9 . 2. 9 nearly. 3 - 9 <8 ‘ 


6. 315 lbs 


5. O'. 


4 4 47 lbs. 


1. 

6. 


2 9 2. 9 nearly. **• / . , , 0 . u f ecpial 

c of o. of quadrilateral not -.. „.lh 

weights at the angular points. 

CHAPTER IX. 

Examples XXX. (p- 


1. 

2. 

1 -7 lbs. 

(1) Upper =125 lbs. ; 

lower, 193 lbs. 

(2) Upper. 


426 Us. 

4. 

17 9 lbs., 17 

8. 

11*2 lbs., 14 3 lbs. 

7. 

jBC from B 

6. 

1| ft., 4 lb. 



XIV 


STATICS 


8 . 

9. 

13. 

15. 

16. 


P v./ p W(a + juf) \N(a-ftd) 
P-jtW, R x - 5- 


2a ’ s 2a 
Upper, 2 lbs. ; lower, 4 lbs. 12. 54-2 lbs. 

14. X=l-38, Y = 10. 


T-P X -?+- 
1 "o’ *“3 + 3’ 


X = -58, Y = 2 0. At C, X = -58. 

P = 5'77. Top cylinder, 5-77. Second row, 11*5 nnd 5*77 


18. X=18, Y = -93. 


19. T = ^ sec /?. 

4 


Examples XXXI. (p. 249.) 


1 . 

1-88 lbs 



2. -69 

toil. 


8. 1*75 tons, 2-24 tons. 

4- 

330 lbs. 



5. i-Jlb. 


6. 08 lb. 

8. 

•91, -91, 

•42 lb. 








Examples 

XXXII. (p. 

252.) 

1 . 

BD = + 

8-7, 

BC 

= -5-2, 

AC = 

-61. 


2. 

CD = + 

17-9, 

CE 

= - 5-8, 

FE = 

- 15. 


3. 

AB= + 

10-8, 

EB 

= - 8-3, 

ED = 

-8-6. 


4. 

BE = - 

71. 

BD 

= -5-35, 

CD = 

+ 12-6. 


6. 

AB = - 

•89, 

BC 

= + -67, 

CD = 

+ •45. 



6. HD=+-9, CD =-0-5. 


Examples XXXIII. (p. 256.) 

1. R=3-74 inclined at 79° to DC. Cuts DC produced 3-75" from D 

nnd BC produced 9-2' from C. 

2. R = 10 03. Cuts FA 1-3' from F nnd DC -34' from D. 

3. B. 36 6 ; C. 91-9 ; E, 12-1 ; F, 68-4. 

4. 7-55. Cuts BC -86' from B nnd AC produced 10' from A. 

6. 3 0. C-7 lbs.-ft. 6. 1-4, 05’ below A. 

7. R =216, S =2-78. T = 31. 

8. R = 4-4. If a is side, R cuts AB produced l-4a from B nnd ED 

produced -8a from D. 


CHAPTER X. 


Examples XXXIV. (p. 264.) 


O 

39°. 

3. 

/*= 13. 

9. 

ft = -58. 

10. 

ft =’414. 

12. 

ft = 1-33. 

13. 

58° 38'. 

17. 

1-9 ft., 107 ft. 

19. 

ft =0-5, P — 52 Kg. 


23. 

tan 0 , 7 0( 0 23° 

32'. 

26. 

101 lbs. 




answers 


xv 


1. 

2 . 
4 . 
6. 
9 . 


1 . 

3. 

5 . 

8. 

11 . 


CHAPTER XI. 

Examples XXXV. (p- 274.) 

4,*,' from left edge ; 3 38' from l»oUom edge._ 

*=7- 7 , y=i4'6. i 

1-4 ' ‘ ' , n iift ton 8. 4500 ft.-tons. 

150,000 ft.-tons. 7. 0 14 rt. ton. 

47,900 ft.-lbs. 10. 203 ft.-lbs. 

Examples XXXVI. (p. 201.) 
hr from common base. 2. 0 3.> ft. 

2 57' from centre. 

32° 30'. 

r 

3' 

•27' from centre. 


9 . 32° O'. 


4. 104 from mid point. 

7. 11 40" from centre. 

10. 300° 52'. 

12. x=*318 ft., y=-0 5 ft 


1 . 

2 . 

3. 

4 . 

5 . 

0 . 

7 . 

8. 

9. 

10 . 

12 . 

14 . 


CHAPTER XII. 

Examples XXXVII. (p 291.) 

P^= 10 ; components at E (0, 0, II); F (O, 0, 1) 

P=10; E -32, -3,0; F 32, -7,80. ]0 . fi 

T=21-2; A (10*6, V,, 15); B(0, Y....0); i ’ - 

24 *23, 4-22, 31 55. ^ v _ 0 

R = 8 ; A ( - 4, Y„0l: B(12, 

Y =Y =35 5; Y 3 = 78 9; Y, = Y 2 = 64 4; Y 3 --l • 

T = 5 32 ; E(3 04, 5, 0) ; F (5 40. 5. lO). 

T = 31 ; A(0, Y 2 , G); B ( 8, Y,, 8); i 1 -* 

R= 300 ; **• ««• °< 4<i8 i?’ +3, +8-16 

20-8 lbs.-ft. 

0, -40-2, 1341 ; 0, 40 2, 201?. 

W 15. 

M | - — _ • 

2*>/cot a a -f 


P+Ol p« 


2 . 

5 . 


Miscellaneous Examples. 


19 G cm. ; 372 grams. 
R ^ -1 ton ; /x —0 4. 


I. (p. 294.) 

3. 2 tons, 1 /.„> 


tons, 32 ton- 



XVI 


STATICS 


1. 

2 . 

4. 

1. 

4. 


1. 

3. 

4. 

1 . 

1. 

4. 

5. 

1. 

4. 


1 . 

4. 


II. (p. 295.) 


W 

T, = -^- (cosec a + tan a); T 2 

50*7, 35-4, 73 9. 

04'7 lbs. 


W 

-y (tan a - cosec a). 

3. 4 - 36 tons, 20‘1 tons. 

5. CF=l-87 lbs., FB= -69 lb. 


III. (p. 296.) 

48$, 29, 26-5 lbs. 2. -29 lb. 

Upper locked, tana = —— r ; lower locked, tan/3 =--— r . 

“ a + b + fth r a + b-fth 


578 lbs. 

AB + 4'6, BC 
53 lbs. 


JV. (p. 298.) 

2 A W - R W - r W - n W 
2 - A ' 3 - ’ B - g- 5 C * y i D » Y 

+ 2-3, AC=+5-8, CD =+4 3; at A 116, at D 6 6. 

5. m = .$, 8 ton. 


■73 lb. 


V. (p. 299.) 

g (W 4 W') cota 


VI. (p. 301.) 

0 38. 2. 8$, 3$ tons 

q - ,r an(l »t»(tan p - tan 0) 

’ tan a ~ tan p ' tan a + tan p 

q *2»0 _w(tan a 4 tan <*) 

tan a 4- tail p’ tan a 4 - tan p 
3-1, 21. 

VII. (p. 302.) 

(1 ) W cosec 3< I. (21 2W cosec 30 ; W cot 30, W. 
P = 3 0 lbs. , Q = 1 74 lbs., R = 3 43 lbs. 


W o\w 

tan a = , tan/3 = “ , etc. 

1 ,1 I n 


VIII. (p. 304.) 


3. 3 25. 


' If K hc n, 'd-point of string, suppose AK to bo fixed, then 
C bes on augment drawnnn AK with vertical angle 75°. Also 
bU = U is 2 ft. from A. 






